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Abstract. Let /? bo a reduced afiine C-algebra, and let X be the correspond- 
ing affinc algebraic set. Brenner defined the continuous closure 1'^°'^*- of an 
ideal I as the ideal of elements of R that can be written as linear combinations 
of elements of I with coefficients from the ring of C- valued continuous (in the 
Euclidean topology) functions on X. He also introduced an algebraic notion of 
axes closure Z^" in such a ring R that always contains ^ and he raised the 
question of whether they coincide. To attack this problem, we extend the no- 
tion of axes closure to general Noetherian rings, defining / S if its image is 
in IS for every homomorphism R S, where S is a one-dimensional complete 
seminormal local ring. We also introduce the natural closure of /. One 
characterization among many is that is the sum of / and the ideal of all ele- 
ments f G R such that /" e 1"+^ for some n > 0. We show that 7^ C and 
that whenever continuous closure is defined, we have C C Under 

mild hypotheses on the ring, we show that l'^ = 7^" when / is primary to a 
maximal ideal, and that if / has no embedded primes, then 7 = if and only 
if / = I^^, so that /cont^ trapped in between, agrees as well. One consequence 
is that if a polynomial over C vanishes whenever its partial derivatives vanish, 
then it is in the continuous closure of the ideal they generate. We show that 
for monomial ideals in polynomial rings over C that = 7=:°"', but we show 
by example that the inequality q /ax ^.g^j^ strict even for monomial 

ideals in dimension 3. Thus, /<=°nt ^^^^ jax j^^^ agree in general, although 
we prove that they do agree in polynomial rings of dimension at most 2 over 
C. 
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10. Continuous closure is natural closure for monomial ideals in polynomial 



Holger Brenner |Bre06| has recently introduced a new closure operation on ideals 
in finitely generated C-algebras called continuous closure, and asks whether it is the 
same as an algebraic notion called axes closure that he introduces. He proves this 
for ideals in a polynomial ring that are primary to a maximal ideal and generated 
by monomials. We shall relate this closure to some variant notions of integral 
closure, special part of the integral closure over a local ring, introduced in [EpslOj , 
and inner integral closure, a notion explored here that exists without an explicit 
name in the literature, and also to a notion we introduce called natural closure. 
We shall prove that if / is an unmixed ideal in any affine C-algebra, then / is 
continuously closed if and only if it is axes closed. See Theorem l7.81 Corollarv l7.141 
and Corollary 17.151 We also provide further conditions under which continuous 
closure equals axes closure or natural closure. 

In consequence we can prove, for example, that if / is a polynomial in C[xi , . . . , Xn] 
that vanishes wherever its partial derivatives all vanish, then there arc continuous 
functions gj from C" —J- C such that 



On the other hand, we show that continuous closure is sometimes strictly smaller 
than axes closure. Indeed, in ij9l we give an example (followed by a method of 
generating such examples) of a monomial ideal in a polynomial ring over C which 
is continuously closed but not axes closed. 

After hearing the second author give a talk on the results of this paper, KoUar 
[KoUO] studied continuous closure in the context of coherent sheaves on schemes 
over C and has given an algebraic characterization that permits the notion of con- 
tinuous closure to be defined in a larger context. In a further paper |FK| , continuous 
closure is studied over topological fields other than C, particularly for the field of 
real numbers. 

Let i? be a finitely generated C-algebra. Map a polynomial ring C[a:i, . . . , Xn] 
R onto R as C-algebras. Let 2t C C[a;i, . . . , a;„] be the kernel ideal, and let X 
be the set of points in C" where all elements of 21 vanish. X may be identified 
with the set of maximal ideals of R. Then X has a Euclidean topology, and the 
topological space X is independent of the presentation of R. We let C{Y) denote the 
ring of complex- valued continuous functions on any space Y . Polynomial functions 
on C", when restricted to X, yield a ring C[X] which is isomorphic to i?red, the 
original ring modulo the ideal N of nilpotcnts. (Nothing will be lost in the sequel 
if we restrict attention to reduced rings R [i.e., rings without nonzero nilpotents).) 
Thus, we have a C-homomorphism R — > C{X) which is injective when R is reduced. 
The continuous closure if I C R, denoted is the contraction of IC{X) to R. 
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That is, if / = (/i, . . . , fm)R, then f e /cont precisely when there are continuous 
functions gi : X ^ C such that 

f\x = gifllx H h.9,„/m|x, 

where h\x indicates the image of h £ R in C{X). Henceforth, we focus on the case 
where R is reduced, and omit \x from the notation. However, we can state many 
of the results without this hypothesis: one can typically pass at once in the proofs 
to the case where the ring is reduced. 

In this paper we study this closure and several other closures that are related, 
obtaining satisfying answers to many quesstions that were open even for polynomial 
rings. 

Let L be an algebraically closed field. We are especially concerned with the case 
where L = C is the complex numbers. A finitely generated L-algebra R is called 
a ring of axes over L if it is one-dimensional reduced and either smooth, with just 
one irreducible component, or else is such that the corresponding algebaic set is the 
union of n smooth irreducible curves, and there is a unique singular point, which 
is the intersection of any two of the components, such that the completion of the 
local ring at that point is isomorphic with L\xi, . . . , a;„]/ [xiXj \ 1 <i < j < n). 

We now restrict to the case of the complex numbers. In jBre06j Brenner obtains 
a structure theorem for the ideals of such a completed local ring that enables him 
to prove that in a ring of axes over C, for every ideal 1,1 = The axes 

closure I'^^ of an ideal / of i? is defined to be the set of elements r such that 
for every C-homomorphism i? — > S*, where S* is a ring of axes, one has r 6 IS. 
The results of |Bre06| imply that 7^^°"* C I'^^ in general, and that they agree for 
ideals of polynomial rings that are primary to maximal ideals and are generated by 
monomials. As mentioned above, we prove here that continuous closure coincides 
with axes closure for all ideals of afRne C-algebras that are primary to a maximal 
ideal, and in many other cases. We also show that an unmixed ideal (one that has 
no embedded primes) is axes closed if and only if it is continuously closed, and that 
there exist continuously closed ideals which are not axes closed, which answers a 
question raised by Brenner. 

In §3 we prove that an element r of an affine C-algebra is in the axes closure 
of / C i? if and only ii x G IS for every homomorphism of R to an excellent 
(respectively, complete) Noetherian one-dimensional seminormal ring S. We use 
the latter definition to extend the notion of axes closure to all Noetherian rings. 
See Corollaries 112] and |44l and Definition 14.31 

Here is a brief sketch of the contents of the paper: 

In ij2l we discuss some important properties of continuous closure that we will 
need. Some of this material is reviewed from |Bre06j . but in some cases we need 
sharper or more general results, ^is devoted to seminormal rings and their connec- 
tions to continuous and axes closures. In |j4l we extend the definition of axes closure 
to general Noetherian rings, characterizing it by maps to excellent one-dimensional 
seminormal rings, and we show that this agrees with the original definition in Bren- 
ner's setting. In iJ5]we discuss the concepts of special and inner integral closure, and 
introduce the notion of natural closure. We also introduce the notion of /-relevant 
ideals, which are used to characterize when an ideal is naturally closed, and which 
play a key role in proving the results of ijTl We show that the natural closure is 
contained in the axes closure and, wherever it is defined, the continuous closure. 
This "traps" continuous closure between two algebraically defined closures. This 
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is the main tool used in § [7] to prove results on when axes closure and continuous 
closure agree. 

One of the main results of fJS] has already been stated in the second paragraph 
of this Introduction. 

ij7] is mostly devoted to a number of important cases where natural closure and 
axes closure agree, and contains several of our main results. When these two agree 
and continuous closure is defined, it agrees as well. This yields the central result 
than an unmixed ideal in an affine C-algebra is continuously closed if and only if it 
is axes closed. We also give a characterization of seminormal rings in terms of axes 
closed ideals. 

In ^we show that continuous and axes closure agree in the locally factorial two- 
dimensional case. In Sjni we develop a "fiber criterion" to exclude certain elements 
from the continuous closure of an ideal. This allows us to construct examples of 
continuously closed ideals that are not axes closed (even a monomial ideal in a 
three-dimensional polynomial ring) . We apply this criterion in i )10l to show that 
for monomial ideals in polynomial rings over C, continuous closure always equals 
natural closure. Finally, we introduce in §llla closure operation that is similar 
to and agrees with it in equal characteristic 0, but is based on weakly normal 
rings instead of seminormal ones. The two notions and their relative usefulness are 
discussed. 

We conclude this introduction by reminding the reader of the definition of a term 
we have already used several times: 

Definition 1.1. A closure operation on (the ideals of) a ring R is an inclusion 
preserving function from ideals to ideals such that if the value on / is denoted I'^, 
then for all ideals / C i?, / C /# {!*)*■ 

We refer the reader to |Epsll| for a detailed treatment of closure operations and 
their properties. 

2. Properties of Continuous Closure 

Given a homomorphism i? — >■ 5 of finitely generated C-algebras we get an in- 
duced map in the other direction of the corresponding algebraic sets, X -^Y , which 
is continuous in the Euclidean topologies (it is defined coordinatewise by restricted 
polynomial functions), and so there is a commutive diagram 

C{R) > C{S) 



C[X] > C[Y] 



R > S 

where the top and middle horizontal arrows are induced by the map Y ^ X. 
Hence (cf. |Bre06j ): 

Proposition 2.1 (persistence of continuous closure). If h : R ^ S is a homo- 
morphism of finitely generated C-algebras, I is an ideal of R, and f G /cont^ then 
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If / is an ideal of a ring R and 7^ is a subset of i?, let / ij^ = {r £ i? | for all / G 
J-, fr E I}. If consists of a single element /, this coincides with I -.r f = I -.r fR. 
Note that I -.a F ~ p|jgjr(/ :r /), and that if J is the ideal generated by F then 
I:rF = I -.r J. 

Proposition 2.2. Let I be an ideal of an affine C-algebra R, and F C R. If I 

is a continuously closed ideal, so is I :r J- for every set J- Q R, and so is the 
contraction of IRyy to R for every multiplicative system W . 

Proof. The second statement follows from the first, because the contraction of IRw 
to R is the union of the ideals I :r w for w G W, and since this set is directed, one 
can choose w € W so that the contraction is the same as / -.r w. Moreover, the 
statement for F reduces to the case of a single element /, since an intersection of 
continuously closed ideals is evidently continuously closed. 

Now suppose that r g i? is a linear combination with continuous coefficients 
5i, . . . , gi, of elements /i, . . . , //,. of / -.r f. Then fr = Y.i=i 9h{ffi) where every 
ffi G /, and so fr G 7'=°"* = /, and r G / /, as required. □ 

Corollary 2.3. If R is an affine C-algebra and I is a continuously closed ideal of 
R, then so is every primary component of I for a minimal prime P of I. 

Proof. The minimal primary component corresponding to P is the contraction of 
IRw to R, with W = R -P. □ 

For any ring homomorphism R ^ S, if I, J C R the product of the contractions 
of IS and JS is obviously contained in the contraction of {IJ)S = {IS){JS). 
Applying this to the map C[X] — )• C{X), we have: 

Proposition 2.4. // R is an affine C-algebra and I, J are ideals of R, then 

^cont^cont (^I J^^*^^^ CH 

The following result is proved in the standard-graded case in |Bre06] . 

Theorem 2.5. Let R be a finitely generated N-graded C-algebra with Rq = C 
and let Fi, . . . , Ffi G R be elements of positive degrees di, . . . , d^. Suppose F is 
homgeneous of degree d, where d > di, I < i < h. Let I = (Fi, . . . , Fj)R. Suppose 
that every element of positive degree has a power in I. Then F G 7'=°'^*. 

Proof. We may assume that R is reduced. We map a graded polynomial ring 

C[Xi, . . . , Xn] R, 

so that 

R^K[Xi,...,Xn]/% 

where 21 is the kernel, and the map preserves degree. Let Xj have degree Cj. Define 
an action of C on C" by this rule: if z = (zi, . . . , then let 

tz := (f'^Zi, . . .X^Zn), 

and let 



leg] 

Moreover, \\tz\\ = \t\ \\z\\. The action then stabilizes X = V{'Ql). Let be the 



Then if H is homogeneous of degree S in the polynomial ring, II{tz) = t^II{z) 
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origin in C". Then x ^ X, and the Fj vanish simuhaneously only at x. Hence, 
Yli vanishes only at 0, and we have 



on X — {0}. Multiplying by F yields F = Qj^j where the are continuous on 
X - {0}. Let < = ||z||. Let y = r^^z. Then 

] 3 

For z 7^ in X, define 

Then hj is continuous on X — {0}, and its limit as z ^ is because | |z| 0, 
while g is bounded on the set {y G X : ||y|| = 1}, which is where z/||z|| varies, since 
this set is closed and bounded and so compact in the Euclidean topology. Since F 
vanishes at the origin, we are done. □ 

Discussion 2.6. We can extend the notion of continuous closure to the local ring 
i?m of an afhne C-algebra i? at a maximal ideal m as follows. Let / be an ideal of 
Rxa- Let X be the affine algebraic set Max Spec(i?) (in the Euclidean topology), let 
X G X correspond to m, and let S denote the ring of germs of continuous C- valued 
functions on X at x. Then define F°^^ as the contraction of IS to R. 
When / is an ideal of R, we write J™'^*-^ for {IRr,,Y°''\ 

Proposition 2.7. Let R be an affine C-algebra and let X be the corresponding 
algebraic set. Let I be an ideal of R, and f G R. Then f G jcont jj okZt/ if for 
all X G X , //I G {IRmY°^^ , where m is the maximal ideal of R corresponding to x. 

Proof. Let generate /. It is clear that if / = X]!Li5«/« with the gi 

continuous on X, the equation persists when we take germs at x G X. For the 
converse, suppose that f € R has image in {IRmY"'^*' for all m. Then for every 
X G X, X has a neighborhood in the Euclidean topology on X such that 



on Ux, where the gf are continuous functions on Ux- By making the neighborhoods 
Ux smaller we may also assume that the gf are bounded on Ux- The open cover 
{Ux \ X G X} has a locally finite refinement by open sets V\ such that there are 
continuous [0, l]-valued functions b), on X with the property that bx vanishes off 
Vx and such that 

A 

i.e., the bx give a partition of unity. Each Vx is contained in some Ux and so 
there are continuous C- valued functions g^ on each Vx, bounded on Vx (obtained 
by restricting suitable gf), such that 
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Then 

h 

i=l A 

and every 9ibx is a continuous function on X when defined to be off Va. □ 

Corollary 2.8. Let R be a finitely generated algebra, with X the associated ajfine 
variety. Let I R be an ideal, and f G R. Let {Xj}j^i^ be an affine open cover of 
X, with Rj = R[Xj]. Then f G if and only if f € for all j G A. 

Discussion 2.9 (ideal closures and gradings). At this point, we are only aiming to 
prove Proposition 12. f Ol below, but we eventually will want to prove similar results 
for other closure operations where the issue is more difficult. Let i? be a Z'^-graded 
ring, where ft, > is an integer. Note that this case includes N'^-gradings and, 
of course, N-gradings. If a = (ai, . . . ,ah) is a fc-tuple of units of Rq, where the 
subscript is the zero element in Z'*, there is a degree-preserving automorphism 
da of R that multiplies forms of degree (fci, . . . , kh) by a^^ ■ ■ ■ . Suppose that 
# is a closure operation on ideals of R such that the closure of an ideal that 
is stable under these automorphisms is again stable under these automorphisms. 
Suppose that i?o contains an infinite field, or, more generally, that for every integer 
> that i?o contains TV units ai,. . . ,aj^ such that the elements — aj for 
i ^ j are also invertible. Then whenever / is homogeneous, its closure I'^ is also 
homogeneous. By induction on h one can reduce to the case where h = 1. The result 
the follows from the invertibility of Vandermonde matrices (q;^~^), where the ai are 
distinct units whose nonzero differences are units. If / G /"^ is an clement whose 
nonzero homogeneous components occur in degrees d, . . . , d + A^ — 1, it suffices 
to have N units whose distinct differences are also units in Rq to conclude that 
the homoogencous components of / arc in /#. See Discussion (4.1) in }HH94bj . 
If Ro docs not have sufficiently many units to carry through the argument, one 
can seek a family of Z''-graded i?-algebras Sn containing R such that R C Sn 
preserves degrees and such that for all homogeneous ideals I Q R and all iV > 0, 
I* Q (ISn)* while {ISN)*nR = I. Then, if / G L* , we have that / G {ISn)* for 
all N, and for A^ sufficiently large this will imply that all homogeneous components 
of / are in (/S'at)* and, hence, in (/S'at)^ ni? = In particular, this method will 
succeed if one can choose Sn to be the localization of R[ti, . . . ,tiy] at the clement 
giy that is the product of all the ti and all the ti — tj for i ^ j , which may be thought 
of as i?o[ii, • ■ • , ^Aflgjv ®Rq Ri ^-nd the grading is taken so that the degree zero part 
is i?o[<i, . . . ,iAr]gjv. Note that these Sn are smooth and faithfully flat over R. This 
discussion applies also to the case when I"^ is an ideal defined ring-theoretically in 
terms of /, even when is not a closure operation, such as inner integral closure, 
which is treated in fJH 

If i? is a finitely generated Z^-graded C-algebra, and ai, . . . ,ah are nonzero 
elements of C, the automorphisms 6a are C-automorphisms. Hence, if / is homoge- 
neous, J'^o"' is stable under these automorphisms by the persistence of continuous 
closure (Proposition [2T|). Therefore, simply because C is an infinite field in Rq, we 
have: 

Proposition 2.10. Let R be a finitely generated Wl^ -graded ^.-algebra, and suppose 
that C is contained in Rq, where the subscript indicates the zero element in ll^ . Let 
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I be a homogeneous ideal of R with respect to this grading. Then J'^™' is also a 
homogeneous ideal of R with respect to this grading. □ 

3. Seminormal rings 

In this section we review certain facts about seminormal rings and prove that 
a reduced affine C-algebra is seminormal if and only if every ideal generated by a 
non-zerodivisor is axes closed (equivalcntly, continuously closed). 

Recall |Swa80| that a ring R is seminormal if it is reduced and whenever / is an 
element of the total quotient ring of R such that f^, f'^ G R, we have that / e i?Q 

Given a reduced Noetherian ring R with total ring of fractions T, there is a 
unique smallest seminormal extension i?**" of R within T, called the seminormal- 
ization of R. 

For rings containing a field of characteristic the property of being seminormal 
is equivalent to the property of being weakly normal. See Vitulli's recent survey 
article jVitllj for a treatment of both notions. (We will revisit the concept of weak 
normality in 2TJ) We collect several facts about seminormality that we will need in 
the proposition below. A reference for each part is given with the statement, except 
for (6), which is immediate from the definition of seminormal, and (7), which follows 
at once from (5) and (6) because the (strict) Henselization is a directed union of 
localized etale extensions. 

Proposition 3.1. Suppose R, S are reduced Noetherian rings. Let R' be the inte- 
gral closure of R in its total ring of fractions. 

(1) R^'^ is the set of allb £ R' such that for any p G Spcci?, 6/1 G _Rp+Jac(i?p), 
where Jac denotes the Jacobson radical, and R'^ is the localization of R' at 
the multiplicative set R\p. }Tra70| 

(2) If g : R S is faithfully flat and S is seminormal, then R is seminormal. 
jGT80l CoroUary 1.7] 

(3) If R is seminormal and W is a multiplicative set, then W~^R is seminor- 
mal. jGTSOl Corollary 2.2] 

(4) Suppose the integral closure of R in its total quotient ring is module-finite 
over R. The following are equivalent: [GT80| Corollary 2.7] 

(a) R is seminormal. 

(b) Rm is seminormal for all m G Max Spec i?. 

(c) Rp is seminormal for all p G Spcci?. 

(d) Rp is seminormal for all p G Spcci? such that depth i?p = 1. 

(5) Suppose g : R ^ S is flat with geometrically reduced (e.g. normal) fibers. 
If R is seminormal, then so is S. |GT80[ Proposition 5.1] In particular, if 
S is smooth over R, which includes the case where S is etale over R, and 
R is seminormal, then S is seminormal. 

(6) A directed union of seminormal rings is seminormal. 

(7) If R is local and seminormal, then the Henselization of R and the strict 
Henselization of R are seminormal. 

(8) Suppose R is excellent and local. R is seminormal <=^ R is seminormal. 
IGT801 Corollary 5.3] 



^The concept was introduced by Traverso ITra70l for a more restricted class of rings. Swan 
showed that under Traverse's assumptions, Swan's definition was equivalent to Traverso's. 
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(9) Let X he an indeterminate over R. R is seminormal <^=> is semi- 

normal. jGT80| Proposition 5.5] 

(10) Let R he a reduced ajfine C-algehra. Let R' he the integral closure of R in 
its total ring of quotients. Let X and Y he the varieties associated to R, R' 
respectively. If -k :Y X is the map induced from the inclusion R ^ R' , 
then the seminormalization of R consists of all regular functions f on Y 
such that f{y) — f{z) whenever y, z GY are such that 7r(y) = 7r(z). [LVSlj 
special case of Theorem 2.2] 

(11) Let R he a reduced affine C-algehra, and let S he the seminormalization 
of R. Then the map of affine algebraic sets corresponding to the inclusion 
R CI S is a homeomorphism in both the Zariski and Euclidean topologies. 
jAB69| Theorem 1] 

We note that passing to the seminormahzation of a ring does not affect contin- 
uous closure in the following sense: 

Proposition 3.2. Let R be a reduced affine C-algebra, and let S be the seminor- 
malization of R. Let I be an ideal of R. Then {ISf°''^ nR = 

Proof. By Proposition l3 . II f 11 ) . the affine algebraic sets associated with S and R are 
homeomorphic. Call both of them X. The ideals / and IS have the same generators 
fiT ■ ■ 1 fn G R. The condition that / be a continuous linear combination of these 
elements is independent of whether we think of the problem over R or over S. □ 

The following is a characterization of complete local 1-dimensional seminormal 
rings. It is based on Traverso's "glueing" construction. 

Theorem 3.3. Let k be a field, let Li, . . . , L„ be finite algebraic extension fields of 
k, and let {Vi,xni) be discrete valuation rings such tha such that Vi = a (modiTii) 
for all i. Then S is one- dimensional, local, and seminormal. 

Conversely, let {R,m,k) he a complete one- dimensional seminormal Noetherian 
local ring. Then there exist such extension fields Li and such DVRs Vi (which, 
moreover, are complete) such that R is isomorphic to the ring S described above. 

Proof. Consider any so-described S, and let W := rir=i ^i- l^ote that m = 
Y\^^i vcii C S, consists of all non-units of 5", and so is the unique maximal ideal 
of S. Let w G m be an element of this product that is nonzero in every coordinate. 
Then m is a nonzerodivisor in 5", and uW C m C S. It follows that W is the 
normalization of S. It is then clear that S is one-dimensional. Since W is spanned 
over S by elements that map to a basis for 0"=! O"^*^^ ^ module-finite over 
S, and S is Noetherian by Eakin's theorem: see |Eak68| or |Nag68| . Finally, we 
check seminormality. Let ^ w = (wi, . . . , w„) G be such that w^, G S. Then 
there exist a, P ^ k — {0} such that vf = a (modrrii) and vf = (3 (modm,) for all 
i. Consider the element 'y := (3/a € k. It follows easily that w,; = 7 (modm;) for all 
i, whence v € S. Thus, S is seminormal. 

Now let {R, m, k) be a complete one-dimcnsional seminormal Noetherian local 
ring. Let R' be the normalization of R. Note that R' = YVi=i where {Vi,mi,Li) 
are discrete valuation rings, complete since R is complete. In particular, if pi, . . . , p„ 
are the minimal primes of i?, then Vi = (R/pi)'. Moreover, since R' is module-finite 
over R, it follows that each Li is module-finite (i.e., finite algebraic) over k. Let S 
be as described in the statement of the theorem for these particular k, Li, and Vi. 
Clearly R embeds as a subring of S, since for any r £ R, the map R ^ R' sends 
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r I— > (ri, . . . , r„) (where Ti is the residue class of r mod pi), and the residue class 
of each Ti modulo mi is clearly the same as the residue class of r mod m, which is, 
of course, in k. So all we need to show is that the induced injective map from R to 
S is surjcctive. 

Let V = {vi, . . . ,Vn) & S . Then there is some a £ k such that Vi = a (modm;) for 
all i. Take any r G R such that r = Q;(modTn). Let w := v—r = (wi— ^i, • • • , Vn—Tn)- 
By construction, w £ n"=i = Jac(i?'). But by part (1) of Proposition 13.11 we 
have m = Jac(i?'), since R is seminormal. Hence, w G m, whence v ~ r + w £ 
i? + m = i?, as was to be shown. □ 

Note: In Traverso's terminology, S is the glueing of R' over m. That is, S is the 
puUback of the following diagram of ring homomorphisms: 

n 

1 

k > 

Note: The above Theorem may also be deduced from the machinery developed in 
[Yos82] ■ although it does not appear explicitly. 

Let L be an algebraically closed field. The notion of a ring of axes over L is 
defined in the introduction. We shall also use the term ajfine axes ring over L to 
emphasize the distinction from other notions described below. By a complete axes 
ring over L, we mean a ring of the form 

. . .,Xnj/ixiXj .1 <i < j < n), 

where the Xi are formal power series indeterminates. Such rings are known to be 
seminormal When the Xi are indeterminates over an algebraically closed field L, 
we shall refer to 

L[xi, . . . , Xn]/ {xiXj : I < i < j < n) 
as a polynomial axes ring (also called an ajfine ring of axes). Both complete axes 
rings and polynomial axes rings are seminormal. In fact, we have, we have parts (a) 
and (b) of the following proposition from [Bom73| , while parts (c) and (d) follow 
easily from parts (a) and (b). (See also |Gib89j and |GW77j for connections with 
the notion of i^-purity.). 

Proposition 3.4. Let L be an algebraically closed field. 

(a) A complete axes ring over L is seminormal. 

(b) Every complete local one- dimensional seminormal ring of equal character- 
istic with algebraically closed residue class field L is isomorphic with a com- 
plete ring of axes over L. 

(c) Every affne ring of axes over L is seminormal. 

(d) A one- dimensional affne L-algebra R is seminormal if and only if there 
are finitely many Stale L-algebra maps 9i : R ^ Ai, where the Ai are affne 
rings of axes over L, and every maximal ideal of R lies under a maximal 
ideal of some Ai . 



'indeed, one can see this as a special case of Theorem 1 3. 3 1 
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Proof. As already mentioned, parts (a) and (b) are proved in jBoni73| . Part (c) 
is then immediate from parts (4) (b) and (8) of Proposition 13.11 the definition of 
affine ring of axes over L, and the complete case of part (a) above. For part (d), 
we first prove "if." Note that \i m \n A = Ai lies over m in R, then Rm A^ is 
faithfully flat. Since A is seminormal by part (c), so is A^^ and the result follows 
from Proposition 13.11 part (2). To prove "only if it suffices to construct a cover 
by sets Spec(Ai) that may be infinite, since we may use the quasicompactness of 
Spec(i?) to pass to a finite subcover. Therefore, it suffices to construct an etale 
extension A that is a ring of axes for each maximal ideal m of i? so that ^ A. 
If i?m is regular we may simply take A to he Rf for a suitable element /. For the 
finitely many choices of m such that R-m is singular, we know the completion of Rm 
is a formal ring of axes. This implies that there is an etale extension A oi R that 
is an aSinc ring of axes with mA ^ A. To see why this is true, let S = Rm- Let B 
denote the normalization of S, which is semilocal and regular. The normalization 
C of the completion C of R^ is the product of the rings Because S is 

an excellent domain, C' ^ C (E)s B. Let T denote the Hcnsclization of S. Then 
B ®sT is module-finite and regular over the Henselian local ring T, and so is a 
finite product of discrete valuation domains. The completions of these give the 
various T is a direct limit of etale extensions of R in which there is a unique 

maximal ideal rn lying over m. For a sufficiently large such extension A, B ®b. A 
will contain all of the idempotents of B®sT, and will be regular. One may localize 
A at one element not in m so that it is a ring of axes with a unique singularity at 
m. □ 

Discussion 3.5. Let i? be a finitely generated C-algebra and m a maximal ideal of 
R. Map a polynomial ring T = C[Xi, . . . , X„] onto R so that the Xi map to gener- 
ators of m. Then C[Xi, . . . , X„] C C{{Xi, . . . , X„}}, the ring of convergent power 
series in .ti, . . . , a;„, and S = C{{Xi, . . . , X„}} ®t Rm is the analytic completion of 
Rm- This ring is a local, excellent, Henselian, faithfully flat extension of Rm, and 
we have Rm Q S C Rm with the second inclusion faithfully flat as well. We shall 
refer to C{{Xi, . . . , Xn}}/{XiXj : i ^ j) as an analytic axes ring. 

Proposition 3.6. Let R be a finitely generated C-algebra of dimension one. Then 
R is seminormal if and only if for every maximal ideal m of R such that Rm is not 
regular, the analytic completion of Rm is an analytic axes ring. 

Proof. We know that R is seminormal if and only if each Rm is, and this is automatic 
if Rm is regular (which includes any isolated points) . It is therefore sufficient to show 
that the analytic completion {A,mA) of Rm is an analytic ring of axes if Rm ~ A 
is a formal ring of axes. Since A is one-dimensional excellent and Henselian, its 
minimal primes Pi , . . . , P„ correspond bijectively to those of A via expansion and 
contraction. Let Qi ~ Clj^iPj- Then QiA is a principal ideal generated by an 
element not in (nxA^)^, QiQj ~ for i ^ j, and QiA = m^iA, from which it 
follows that Qi is a principal ideal generated by an clement not in m^, that QiQj ~ 
for i ^ i and that Qi = m^. Let Xi generate Qi. Then the Xi are a minimal set of 
generators of xnA, xiXj = for i ^ j, and since PiA = Tlij^i Qi-^i have that Pi is 
generated by {xj ■ j ^ i} for each i. The map C[Xi, . . . , Xn] A (sending Xi i-> Xi 
for all i) induces a C-homomorphism of B = C{{Xi, . . . ,Xn}}/{XiXj : i ^ j) 
to A such that the map of completions is an isomorphism. Thus, this map is 
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injective. If Vi is generated by the Xj for j ^ i, then B/Vi — > A/Pi is a map from 
C{{Xi}} — !• A /Pi = Cjlxi}} C A which induces an isomorphism of completions, 
and so must be an isomorphism. Since A is the sum of the subrings Cjlxi}}, 6 is 



Both in this section and the next we shaU need to use Artin approximation to 
descend a map from an affine K-algebra to a complete ring of axes over an extension 
field L of K to a map to an etale extension of a polynomial ring of axes, which will 
be seminormal. Specifically: 

Theorem 3.7 (descent via Artin approximation). Let K he an algebraically closed 
field, let L be an extension field, let R be an affine K-algebra, let I be an ideal 
of R, and let f , g be elements of R. Let R ^ S be a K-algebra homomorphism 
to a complete ring of axes S over L such that the image of g is not in IS . Then 
there is a K-algebra homomorphism R — > 5*0, where Sq is an etale extension of a 
polynomial ring of axes over K, such that the image of f is not in ISq. Moreover, 
if the image of f is not a zerodivisor in S , the map R Sq may be chosen to 
satisfy the additional condition that the image of f is not a zerodivisor in Sq. 

Proo f 5 is a complete ring of axes with algebraically closed residue class field £, and 
such a ring is the completion T of a polynomial axes ring C[xi , . . . , Xn]/{xiXj : i < j) 
localized at the maximal ideal m generated by the xj. Call the localized ring Tq. 
Moreover, we can choose N so large that the image of / is not in IT + m^T. 
Think of R as K[yi, . . . , ys]/igi, ■ • ■ , gh)- Then the images Zj of the j/i, . . . , j/s in T 
give solutions of the equations gj = in T, and we may use Artin approximation, 
i.e., the main result of |Art69j . to find a solution z'i,...,z's of these equations 
in the Hcnsclization Tq of Tq congruent to the Zj modulo m^T. Wc can map 
R Tq as a i^T-algebra so that the images of the yj map to the Zj and we still 
have that f i {I + m^)T^- In particular, / (/ IT^\ Since T^' is a direct hmit of 
finitely generated etale extensions of i? = C[xi, . . . ,Xn]/ixiXj), we have a finitely 
generated etale extension C of B and a i^-algebra map R ^ C such that / ^ IC . 

Hence, C = i3[iyi, . . . , Wm\/[Gi, . . . , Gm) is such that the image of the Jacobian 
determinant Aei{dGj/dWj) is a unit of C. 

Now let A denote a varying but finitely generated if-subalgebra over L suffi- 
ciently large to contain all the coefficients of the Gj . Let 

Ba = A[xi, . . .,Xn]/{xiX.j ■.i<j) 



Then G is the direct limit of the rings Ga, and so the Jacobian determinant is 
invertible in Ga for all sufficiently large A. We may therefore chose A so large 
that Ga is etale over Ba and the map R ^ G factors R — )■ Ga G . If D is any 
A-algebra we write Bo and Go for D ®a Ba and D ®a Ga-, respectively. Let IC be 
the fraction field of A. Then G = Gl — L (E)fc Gk. is faithfully flat over G)c. Hence, 



surjcctive. 



□ 



and let 



Ga^BaWi, 



,W™]/(Gi,...,G™). 




O^Ia^Ga^ Ga/Ia ^ 0, 
^ fGA + IGa -^Ga^ GA/ifGA + IGa) ^ 0, and 
Q^IGa^ {fGA + IGa) ^ I^a ^ 0, 
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where Wa is a cyclic Ca module spanned by the image of /. By the lemma of 
generic freeness (cf. jMat86| Theorem 24.1], |HR74| Lemma 8.1]), we can localize 
at one nonzero element a G A so that all of the modules in these sequences become 
j4a-frec. We change notation and continue to write objects with the subscript A: 
A has been replaced by Aa- The ^-frce module Wa is not 0, since this is true even 
after we apply /C (Eia _ • Let fi be any maximal ideal of A. Then A/ fi = K, and we 
use the subscript K to indicate these various algebras and modules after tensoring 
with K = A/ jjL over A. We have a map R — > Ck- Because Wk 0, we have that 
the image of / is not in ICk ^ Ck- But Ck is a finitely generated etale extension 
of Bk which is a polynomial ring of axes over K. 

Wc now consider the modifications needed to preserve the condition that the 
image of / be a non-zerodivisor. Hence, the image of / in L\xi, . . . ,Xn\/ {xiXj) is 
not in any of the ideals Pi generated by all of the Xj for j ^ i. Then f ^ Pi + 
for sufficiently large N. Thus, we may choose N so large that when we apply Artin 
approximation, the image of / in the Henselization Tq is not in any of the ideals 
PiCiTQ. When we replace the Henselization by a finitely generated etale extension 
C of B, multiplication by the image of / may have a kernel, but the kernel will 
be killed by localization at one element of C not in the contraction of the maximal 
ideal of Tq. Thus, wc may assume that the image of / is not a zerodivisor on 
C. For the last step in the descent, when we pass from Ca to Ca/^i, wc need to 

preserve the exactness of the sequence — > Ca Ca — > Ca/4'Ca 0, where is 
the image of /, when we apply {A/ ^x) ®a _• We can do this by localizing at one 
element of A — {0} so that all of the terms of the sequence become A-free. □ 

4. Axes closure and one-dimensional seminormal rings 

We want to extend the notion of axes closure to a larger class of rings. We first 
note: 

Theorem 4.1. Let R he a Noetherian ring and let I be an ideal of R. Then 
statements (1), (2), and (3) below are equivalent. 

Moreover, if R is a finitely generated algebra over a field K of characteristic 
0, and L is the algebraic closure of K , then all six of the .statements below are 
equivalent. If we also assume that K = L = C, then all seven of the .statements 
below are equivalent. 

(1) For every map from R to an excellent one- dimensional seminormal ring S, 
the image of f is in IS . 

(2) For every map from R to an excellent local one- dimensional seminormal 
ring S , the image of f is in IS . 

(3) For every map from R to a complete local one- dimensional seminormal ring 
S , the image of f is in IS . 

(4) For every map from R to a complete local one- dimensional seminormal ring 
S with algebraically closed residue field, f G IS . 

(5) For every K -algebra map from R to a complete axes ring S with residue 
class field L, f ^ IS . 

(6) For every K -algebra map from R to a finitely generated etale extension S 
of a polynomial axes ring over L, f € IS . 

(7) For every C-algebra map 9 from R to an analytic ring of axes {S,n) over 
C such that 9^^{n) is maximal in R, f G IS. 
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Proof. (1) (2) => (3) (4) (5) is obvious. If R is only assumed 

Noetherian we can prove (3) (1) as follows. Suppose that there is a map 

R ^ S, where S is onc-dimensional and scminormal, such that / ^ IS. Then this 
can be preserved when we localize at some maximal ideal of S and then complete. 
The completion of Sm is still scminormal. In the rest of the proof we assume the 
additional hypothesis on R. 

To see that (5) =^> (6): If (6) fails, we also have / ^ ISm for a local ring Sm of 
S and also for the completion T of Sm- S is seminormal, and hence so is T, which 
will have algebraically closed residue class field L. T is a complete axes ring; see 
Proposition 13.41 

We next show that (6) (1). Assume (6) and suppose that (1) fails for 

S. Then it also fails for some localization of 5* at a maximal ideal, and for the 
completion of that ring. Hence, we may assume that S is complete local. By part 
(7) of Proposition we may replace S by its strict Henselization, which will have 
algebraically closed residue class field since we are in equal characteristic 0, and we 
may then complete again. We may therefore assume that S" is a complete ring of 
axes with algebraically closed residue class field C Extend K to a coefficient field 
for S, which we also denote C. Then we have K C L C C G S. We may now 
replace Rhy L R- we still have a map from this ring to 5, using the embedding 
L ^ C The result now follows from Theorem 13.71 

Finally, it is clear that (1) ==> (7), and it will suffice to prove that (7) =^ (6). 
Suppose that we have a map i? — > A where A is etale over a polynomial ring of 
axes, such that / ^ lA. Then ^ is a one-dimensional seminormal ring, and we 
can preserve that / ^ lA by localizing at some maximal ideal [i of A. The inverse 
image will be a maximal ideal of i?, since R and A are affinc C-algebras. Let (S", n) 
be the analytic completon of A^. Note that S = A^. Then ^, A^, A^. and S are 
seminormal by parts (5), (3), and (8) of Proposition 13. II and S is an analytic axes 
ring by Proposition 13.61 Since S is faithfully fiat over and / ^ /A^, it follows 
that / ^ IS, which completes the proof. □ 

Corollary 4.2. I] R is an ajjine <C-algebra, the equivalent conditions (1) through 
(6) of Theorem \4.1\ hold if and only if f € I^^. 

Proof. If (1) through (6) hold, it is clear that / G I^^, since rings of axes are one- 
dimensional excellent seminormal rings. Suppose that / S I'^^. It suffices to verify 
condition (6). Since L ~ K = C, bv 13.11 it suffices to show that for every map 
to a one-dimensional affinc seminormal ring S over R, the image of / is in IS. If 
not, we can choose a maximal ideal m of S" such that / ^ ISm. By part (d) of 
Proposition 13.41 there is an etale map S ^ A such that A is an affine ring of axes 
over C and has a maximal ideal m lying over m. Since, the image of / is not in ISm 
and Sm Am is faithfully fiat, we have that the image of / is not in lAm and, 
hence, not in I A. □ 

Definition 4.3. Theorem 14.11 shows that conditions (1), (2), and (3) are equivalent 
for any Noetherian ring R. We therefore define / G i? to be in the axes closure 
jax q£ j ^j^g general case if these three equivalent conditions hold. Once we have 
made this definition, we have at once: 

Corollary 4.4. Let R be a finitely generated K-algebra, where K is a field of 
characteristic 0, I <Z R an ideal, and f G R. Then f S I^^ if and only if the 
equivalent conditions (1) through (6) of Theorem \4.1\ hold. 
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The following remark is obvious from the definition, but is, nonetheless, quite 
important. 

Proposition 4.5. Let R be an excellent one- dimensional seminormal ring. Then 



Proposition 4.6. Let R be a Noetherian ring. 

(1) The axes closure of an ideal is contained in its integral closure. 

(2) If R is normal domain, every principal ideal is axes closed. 

Proof. One may test integral closure by mapping to Noetherian valuation domains, 
and these may be replaced by their completions, which are excellent. The second 
statement follows, since principal ideals are integrally closed in a normal domain. 



Lemma 4.7. ///, J C R, then /a^jax (_ (/j)ax^ particular, if r e R, r{I'^'^) C 

Proof. Let 9 : R ^ B denote any homomorphism to an excellent one-dimensional 
seminormal ring. The first statement follows since I'^^J^^B = {I^^B){J^^B) = 
{IB){JB) = {IJ)B, and the second statement follows from the case where J = 
rR. □ 

In ^we prove that an excellent ring is seminormal if and only if every principal 
ideal generated by a non-zerodivisor is axes closed: see Theorem 1 7. 171 

Example 4.8. We give an example of a reduced finitely generated C-algebra of pure 
dimension two with precisely two minimal primes which is seminormal, although 
one of its quotients by a minimal prime is not seminormal. Its normalization is the 
product of two polynomial rings in two variables. It has a principal ideal generated 
by a zerodivisor that is not axes closed. This example is similar to |GT80| Example 



Let S = C[ii, v] X C[.T, y\. Let R be the subring of S generated over C by 
q = (w^, x), r — (u^, J/), s ~ (v, 0), and t — {uv, 0). Then w ^ q'^ — r^ ^ 
(0, — y^) G R, and z — v + 'w~{v,x^— y^) is a non-zerodivisor in S and, hence, 
in R. Thus, e = (1, 0) G 5 is in the total quotient ring of R, since it is integral 
over R and ze = (w, 0) G R, [u, 0) is integral over R since its square is qe, which 
is integral over R, and it is in the total quotient ring of R, since z{u, 0) G R. It 
follows that the integral closure of i? is 5. 

Then R consists of all pairs of the form [Piii^, u^) -f vH{u,v), P{x, y)) where 
H{u, v) is an arbitrary polynomial in u, v and P is an arbitrary polynomial in 
X, y. Alternatively, R consists of all pairs (Q(u, v), P{x, y)) such that Q{u,v) = 
P{u^, u'^) mod vC[u,v]. From the latter description we see that R is seminormal, 
for if Q{u, vY = -P('«^, wC[u,'y] and Q{u, = Piu^, mod vC[u,v], 

then Q{u,v) = P{u'^, u'^) mod vC[u,v]. 



The two minimal primes of S contract to incomparable primes P = {C[u, v] x 0)n 
iJandQ = (OxC[a-,j/])ni?. Clearly, PnQ = 0. Note that (i;, 0), {uv, 0) G P-Q and 
(0, x^ — j/^) € Q ~ P. Hence, P and Q constitute all the minimal primes of R. We 
have that R/P = K[u'^, u^, uv, u], which is not seminormal, while R/Q = K[x, y]. 

The maximal spectrum of R, in the Euclidean topology, is the union of two com- 
plex planes. Max Spcc(C[w^, u'^, uw, ?;]), which may be identified topologically with 
MaxSpec(C[M, u]) — C^, and Max Spec (C[a;,y]). These meet along a topological 



every ideal of R is axes closed. 



□ 



□ 



2.11]. 
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line which may be identified with V{v) in the first plane and with V{x^ — y^) in the 
second plane. 

Then u represents a continuous function on that may be restricted to the 
intersection and so viewed as a function on the closed set V{x^ ~ V^) in the second 
plane. Hence, by the Tietze extension theorem there is a continuous function 9 
on the second plane that extends the restriction of u. The pair (li, 6) represents a 
continuous C-valucd function on Spcc(i?). and wc have that (wv,0) — {u,9){v,0). 
It follows that {uv,0) is in the continuous closure of {v,0)R in R, and, hence, in 
the axes closure. But it is not in the ideal. 

In [J7]we prove that in a reduced affine C-algebra, axes closure and continuous 
closure agree for principal ideals generated by a non-zerodivisor. We do not know 
whether they agree for principal ideals generated by a zerodi visor. 

The following result, together with Proposition 12 . 71 and Corollarv l2.81 gives one 
sense in which the issue of whether axes closure and continuous closure agree in 
affine C-algcbras is local. 

Proposition 4.9. Let R be a Noetherian ring, I and ideal of R, and f £ R. 

(a) If ip : R ^ S is any homomorphism and f G I^'^, then ip{f) G (IS)^^. (In 
other words, axes closure is persistent .J Hence, the contraction of an axes 
closed ideal is axes closed. 

(b) f G I"^^ if and only if for each P G Spcci?, one has f G (IRp)'^^. 

(c) f £ I^^ if and only if this holds in an affine open neighborhood of each 
prime ideal of R. In particular, I is axes closed if and only if this is true 
for an affine open neighborhood of each prime of R. 

Proof. The first statement in (a) is immediate from the definition, and the second 
statement follows at once from the first statement. 

For part (b): Part (a) guarantees that if / G I^^, this remains true when we 
localize. It will suffice to show that if / G (IRp)'^'' for aU P then f & I""^. If not, 
we can map to a one-dimensional local seminormal ring (5, Q) such that / ^ IS. 
But then / is not in (IRp)^^, where P is the contraction of Q. 

Part (c) follows at once. □ 

Proposition 4.10. Let R be a Noetherian ring, and I an ideal. Let f G R, let 
J be an ideal of R, and let W be a nonempty multiplicative system in R. If I is 
axes closed, then so are {I :p /), (/ :p J), Uj^i(^ 'R J^); ^.''^d the contraction 
21 = {r G i? : for some w £W,wr £ 1} of IW^^R to R. 

Proof. Suppose g ^ {I :p f). Then fg ^ /, and we can choose a homomorphism 
h : R ^ A, where A is a one-dimensional excellent seminormal ring, such that 
Hfg) i I A. But then h{g) ^ {I A -.a h{f)) 2 {I -r f)A, which shows that 
g ^ {I -R f)^^- This establishes the first statement. 

Since I -.p J ^ Cljeji^ -R i)' the second statement follows. The ideals (/ -.p J^) 
form an ascending chain, and so the union is equal to one of them. This proves 
the third statement. Finally, 21 = UMiew(-'^ '^^^ union is directed, since 

(/ -.R v) U (/ :r w) C (/ ifl vw). The family of ideals {(/ -.p v) \ v £ W} therefore 
has a maximal element, which must be maximum, and the union consequently has 
the form (/ :r w). □ 
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Proposition 4.11. In any Noetherian ring R, every axes closed ideal is an in- 
tersection of primary axes closed ideals. If R is an affine C-algebra, these may be 
taken to be primary to maximal ideals. 

Proof. Let f ^ I, where / is axes closed. Then we can choose a map h : R ^ A, 
where A is one-dimensional, excellent, and seminormal, and an ideal I of A such 
that h{f) ^ I A. In any Noetherian ring, every ideal is an intersection of ideals J 
that are primary to maximal ideals. We can choose such a primary ideal J of A so 
that h{f) ^ J, and then h^^{J) will be primary and axes closed with / ^ h~^{J). 
If R is an affine C- algebra, we may take A to be an affine ring of axes over C. In 
this case, the inverse image of the radical of J, which is a maximal ideal of A, is a 
maximal ideal m of R, and the inverse image of J is primary to m. □ 

Proposition 4.12. Let m be a maximal ideal of a Noetherian ring R, and let I be 

primary to m and axes closed. Then the expansions of I to S ~ Rm and to S ~ Rm 
are axes closed. This is also true if S is the Henselization of Rm, or, when R is a 
finitely generated algebra overC, the analytic completion of Rm. 

Proof. Consider the case where S = Rm- Let / G be an element of 5* — IS. Then, 
since R/ 1 — ^ S/IS is an isomorphism, we may choose g (z R such that g ^ f mod 
IS. By Definition 14.31 and Theorem 14.11 we can choose a map from R ^ A where 
A is a complete local seminormal ring of dimension 1 such that g (jz. I A. Since / 
maps into the maximal ideal rriA of A (or else I A would be the unit ideal) , we have 
that m maps into rriA. But then the map extends continuously (in the m-adic and 
nxA-adic topologies) to a map S = Rm — >■ A. Since the image of g is not in I A and 
f = g mod IS, we have that the image of / ^ I A. Thus, IS is axes closed. In the 
otjier cases, if / were in the axes closure of IS, it would be in the axes closure of 
IRm as well, and we know this is IRm ■ But in every instance S — > Rm is faithfully 
flat, so that the contraction of IRm to S is IS. □ 

The following result is a weak result on the compatibility of axes closure with 
smooth base change. It suffices to prove that axes closures of homogeneous ideals 
are homogeneous. See also Theorem 17.111 which is a much more difficult result on 
compatibility of axes closure with smooth base change. 

Proposition 4.13. Let R be Noetherian and let S be faithfully fiat, essentially of 
finite type, and smooth over R. Then for every ideal I ^ R, {IS)^^ contracts to 
J'^'^ in R. 

Proof. Suppose that / is in the contraction of {IS)^^ but not in I^^. Then we can 
choose a homomorphism R A, where {A, m^) is a complete local one-dimensional 
seminormal ring, such that the image of / is not in I A. Then Sa = S (gJi? A 
is faithfully flat, essentially of finite type, and smooth over A. By part (5) of 
Proposition 13.11 Sa is seminormal, and it is excellent. If we localize at a minimal 
prime Q of mA<SA in Sa, we obtain a one-dimensional, seminormal, local, faithfully 
flat, excellent extension B of A. Since the image of / is not in I A, we have that 
the image of / is not in IB. But since R ^ B factors R ^ S ^ Sa ^ B, this 
contradicts the assumption that / is in (IS)^^. □ 

Proposition 4.14. Let R be Noetherian, and suppose that R is -graded, where 
h > I. Let I be a homogeneous ideal of R with respect to this grading. Then I^^ is 
also homogeneous with respect to this grading. 
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Proof. We want to apply Discussion [231 The only difficulty is that R may not have 
sufficiently many units. But each of the rings constructed in Discussion 12.91 is 
finitely presented, faithfully fiat, and smooth over _R, and so the result follows from 
that discussion and Proposition 14. 131 iust above. □ 

5. Special and inner integral closure, and natural closure 

Let i? be a Noetherian ring, / C i?, and r G R. The following conditions are 
well known to be equivalent: 

(1) There is a monic polynomial f{x) G R[x] of some degree d such that the 
coefficient of x'^~^ is in P , 1 < j < d. 

(2) For every map R ^ V , where F is a DVR, rV C IV . In other words, r 
has order at least as large as IV under the valuation associated with V . 

The elements satisfying these equivalent conditions form an ideal called the 
integral closure of /. 

The special part of the integral closure of / |EpslO| is defined when (i?, m) is 
local and / Cm. It consists of all r which satisfy a monic polynomial as in (1) 
such that the coefficient of x'^~^ is in ml^ for 1 < j < d. The special part of the 
integral closure is an ideal containing ml and contained in /~ but it typically does 
not contain /. 

More generally, for any ideal J of a Noetherian ring R we can define the J-special 
integral closure J"-^**? of / to consist of all elements r in i? that satisfy an J-special 
polynomial over /: this means that the polynomial is monic of degree d > \ and 
the coefficient of x'^~^ is in JI^ for 1 < j < d. We shall soon see that the condition 
depends only on Rad(J), and not on J itself. Our main interest is in the cases 
where J = / or J = m. 

Note that while the integral closure of a Noetherian domain need not be Noe- 
therian, it is still true that it is a KruU ring: principal ideals have only finitely many 
minimal primes, the localization at such a minimal prime is a DVR, and one has 
primary decomposition for principal ideals. Cf. |Nag62[ pp. 115-117 and Theorem 
(33.10) on p. 118]. 

If / = or J = 0, then I~^^v is the ideal of nilpotent elements of R, and is (0) 
if i? is a domain. 

Theorem 5.1. Let (R, m) be a Noetherian domain, let I and J be nonzero ideals 
of R, and let r E R. The following conditions are equivalent. 

(1) r is in the J-special integral closure of I . 

(2) There exists an integer n > 1 such that r" G {JI")^ . In this case, all 
multiples tn of n have the same property: in fact, r*" G (J*7*")~. 

(3) There exists an integer n > 1 such that for all maps R ^ V where V is a 
DVR then 

ordy(r) > ordy( J)/n + ordy(/). 

(4) For all maps R ^ V where V is a DVR, ordy(r) > ordv(/), and the 
inequality is strict if or dy J > 0. 

(5) If R is a domain, I = (/i, . . . , fh)R and J = (gi, . . . ,gk)R with the elements 
fi, Qj all nonzero, it suffices that the condition in (4) hold when V is the 
localization of the normalization of R[I/ fi][J/gj] at one of the minimal 
primes of the fi, gj for all i, j and choices of the minimal prime. If J — I, 
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we may use instead the minimal primes of the fj in the normalizations of 
the rings R[I / fi] . 

Proof. The second statement in (2) is clear. (2) (1) since the equation 

showing integral dependence for r" on J/" may be viewed as an equation that r 
satisfies, and this provides the J-special polynomial over /. We prove (1) =^ (3). 
Suppose (1) holds with a J-special polynomial over / of degree n. Then for some 
J, 1 < j < 

ordy(r") > ordy(J/^)ordv(r"-J) 

and so 

j ordy(r) > ordy(J) + j ordy(/) 

and 

ordy(r) > ordy(J)/j + ordy(/). 

Hence, we have 

ordy(r) > ordy(J)/n + ordy(/), 

no matter what J is. 

(3) (4) is clear, and (4) (5) is clear. 

Therefore, the proof will be complete if we can show that (5) (2). Choose a 

value of n so large that condition (3) holds with this value of n for all of the finitely 
many valuation rings described in (5). Now consider any injection R ^ V where V 
is a DVR. Then IV is generated by the image of some fi, and JV is generated by 
some gj. For these two elements, the map R ^ V factors R R[I/ fi][J/gj] ^ V 
and, hence, R ^ Sij ^ V, where Sij is the normalization of R[I/ fi][J/gj]. We 
claim that in Sij, r" G Jl'^Sij = gjf^Sij. Since Sij is a KruU domain, it sufiices 
to see this after localizing at each of the minimal primes of gjf^Sij- Since each 
of these is a minimal prime of gj or /; . this produces one of the discrete valuation 
rings W for which we have assumed that 

ordvy(r) > OTdw{J)/n + ordwil)- 

Multiplying by n gives the result we need. Since r" e Jl^Sij, this continues to 
hold in V. But then r" G {JI")~, as required. 

When J = I, both are generated by the image of some fi after expanding to V, 
and so the map R^ V factors R ^ R[I/ fi] ^ V, and the rest of the proof is the 
same. □ 

Corollary 5.2. For any Noetherian ring R with ideals I and J. r G R is in the 
J-special integral closure of I if and only if for some n, r" G [JF^)^ . This may he 
tested modulo every minimal prime P of R. 

The J-special integral closure of I is an ideal, depends only on Rad(J), and lies 
between Rad(J)/ and Rad(J) H . 

Proof. If r" S {JI^)~ modulo some minimal each minimal prime, this will also be 
true when TV is the product of the individual exponents, and then the condition 
holds in R. If we have an J-special equation over I satisfied mod each P, the value 
of the product of these on r is nilpotent, and so a power of the product will be 0. 
Thus, the equivalence reduces to the domain case, where we already know it. 

In the domain case, /~'^*'p is an ideal: this is true if either is 0. If not, we can use 
(3) to characterize the J-special integral closure. If ri and r2 satisfy condition (3) 
with integers ni and 712, their sum satisfies condition (3) with n = max{ni, n2\, 
while closure under multiplication is obvious. In the general case, the J-special 
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integral closure is the intersection of the images of what one gets modulo various 
minimal primes. 

The second statement in (2) shows that J-special integral closure is contained in 
J*-special integral closure, and the opposite inclusion is obvious. It is clear that the 
special part of the integral closure contains J/, and we may replace J by Rad(J). 
It is also obvious that /~-^'^p is contained in both Rad(J) and /". □ 

Corollary 5.3. Let (i?, m) be a local domain. An element r ^ R is in the special 
part of the integral closure of I iff for all R^V with V a DVR centered on m, if 
IV ^0 then ordy(r) > ordy(/). 

Proof. Since ordy (m) will be positive, the condition is necessary. Because there are 
only finitely many valuation rings needed in the test in part (5) of Theorem l5.ll we 
can always choose a value of n that will work for all of these. □ 

The inner integral closure of / is defined as the /-special integral closure of 
I. Instead of I~^^p wc write />i. This construction is developed to some extent 
in [IIS06| Section 10.5] (from which we obtain our notation) and in |GV11|, Section 
4]; some of our results in this section may overlap with the results in these two 
references. We emphasize that this is not a closure operation. It does not usually 
contain /, but is contained in the integral closure of /. It may be thought of as 
the "inner" part of the integral closure. Note that by part (c) of Proposition 15.51 
below, the inner integral closure of / is the same as the inner integral closure of 
J~, and by part (d) of Proposition [5?5l the ideal />i is itself integrally closed. The 
notation />i agrees with the notation given in [HS06| Definition 10.5.3 on p. 206], 
where an infinite family of related notions (/>q for all positive rational numbers a) 
is considered, but no name is given for />i. 

Theorem 5.4. Let R be a Noetherian ring, I an ideal of R, and r G R. The 
following conditions are equivalent, and characterize when r is in the inner integral 
closure of I . 

(1) The element r satisfies a monic polynomial f{x) G R[x\ of some degree d 
such that the coefficient of x'^~^ is in P~^^ , 1 < j < d. 

(2) There is an integer n such that r" is integral over /"+^. 

(3) There is an integer n such that r" S 

(4-) For every prime ideal P containing I, r/1 is in the special part of the 
integral closure of IRp. 

(5) For every map R ^ V, where V is a DVR, such that IV is not and not 
V, ordi/(r) > ordy(/). 

( 6) The condition in (5) holds for all V such that R ^ V kills a minimal prime 

P ofR. 

(7) If R is a domain, and I = (/i, . . . , fh) where the fi are nonzero, the con- 
dition in (5) holds for all V arising as the localization at a minimal prime 
of one of the fi in the normalization of one of the rings R[I/ fi]. 

(8) If R is an excellent domain and every prime ideal is an intersection of 
maximal ideal^ (^-Q-, if R is a finitely generated 'C- algebra), the condition 
in (5) holds for discrete valuations centered on a maximal ideal m of R. 



'i.e. i? is a Hilbcrt ring. 
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Proof. We already have (1) 
see that (2) ■i=> (3) as 




the converse is 



(7). We can 



obvious. But if r" is integral over then there exists h such that for all N, 

(jn+l _|_,.„)Ar+h ^ (jn+l)JV+l(j„+l ^^n)ft-l^ ^j^^^^ ^n{N+h) g j(„+l)(Ar+l) 

N. But if > n/i - /i - 1 we have that {n + 1)(A^ + 1) > n{N + h), as required. 

Because the condition in (7) (and in part (5) of the preceding theorem) involves 
only finitely many DVRs, we can choose n that works for these, and then the 
preceding theorem yields (1) and (2). Condition (4) and the preceding Corollary 
yield condition (5), since IV =/: V in (5) implies that V is centered on a prime 
containing /. 

It remains only to prove (7), which is obviously necessary. When R is excellent, 
the normalization Si of R[I / fi] is finitely generated over R. Let V be one of the 
localizations of Si at a minimal prime of fj. Let v generate the maximal ideal of V. 
We can choose a localization Tq of Si at one element such that v generates a prime 
ideal in Tg. We can write r and fi as units of V times powers of v, say r = uv'^ , 
fi = u'v^ , where v > fi. We may localize Tq further, but at finitely many elements, 
so that it contains u and u' . Call the resulting ring T. Then v is prime in T, and 
the domain T/vT is excellent. It follows that there is a maximal ideal m of T/vT 
such that {T/vT)m is regular. The pullback of m to T will be a maximal ideal 
of T containing v such that Tm is regular and the image of w is a regular parameter. 
The contraction of 7W to i? is a maximal ideal because i? is a Hilbert ring. The 
valuation given by order with respect to powers of M will give the same result for 
the orders of r and I &sV . □ 

Proposition 5.5. Let I he an ideal of the Noetherian ring R. 

(a) If W is a multiplicative system of R, {Iw)yi = {I>i)w- 

(h) If S is integral over R, (IS)^^ fl i? = />i. 

(c) If I '^J then />i C J>i. If I C J C then />i = J>i. 

(d) The ideal lyi is integrally closed. 

Proof. For part (a), if r" e /"+^i?vKi then for some w & W we have wr" G /"+^, 
and then (wr)" G which shows that wr g />i. The other implication is 

trivial. 

For (b), if r G i? is such that r" is in the integral closure of /"^^S*, then r" is in 
the integral closure of /"+^. The other containment is obvious. 

The first statement in (c) is obvious from condition (2) or (3) of Theorem 15.41 
The second statement is clear provided that we can show that an element r in the 
inner integral closure of I^ is in the inner integral closure of /. But (I^)"^^ C 
(/"+^)~, and so if r" is in the former it is in the latter. 

Part (d) follows because condition (5) of Theorem 15.41 shows that />i is an 
intersection of valuation ideals. This fact also follows from |HS061 Proposition 
10.5.2 part (4)] coupled with the final remark in the paragraph following |HS06[ 
Definition 10.5.3]. □ 

Theorem 5.6. Let R be a finitely generated C-algebra. Then />i C /^ont^ 

Proof. Consider a polynomial for r as in condition (1) of Theorem 15. 4| with inde- 
terminate variable x. Suppose that the coefficient of x'^~^ is a sum of tj terms, each 
the product of j + 1 elements of /. We replace all tj{j + 1) elements of / involved 
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by variables. This gives an equation F ^ x'^ + Pixf + ■ ■ ■ Pd = where Pj is ho- 
mogeneous of degree j + 1 in tj{j + 1) variables, and all the variables from distinct 
Pi, Pj are mutually disjoint. Consider the ring S defined by adjoining x and all the 
other variables to C and killing the polynomial F. In this ring, let J be the ideal 
generated by all variables other than x. The radical of J contains x as well. We 
have a homomorphism 5 — > i? which takes a; to r and such that JR C /. Thus, it 
suffices to show that the image of x is in J'=°i' in S. But S has an N-grading: we 
give the variables occurring in Pj degree (d + l)!/(j + 1), 1 < j < d, and we give 
X degree {d + 1)!. Since x has a higher degree than any generator of J, the result 
follows from Theorem 12.51 □ 

It follows that />i C I^^ in an affine C-algebra. In fact this holds more generally. 
To see this, first, we give the following useful lemma. 

Lemma 5.7. Let (i?,m, fc) be a 1- dimensional complete Noetherian seminormal 
local ring. Then for any ideal J of R, we have m • C J. 

Proof. First, note that it is enough to prove the lemma for a primary ideal. For let 
J — Qi r\ ■ ■ ■ n Qt be a primary decomposition, and suppose the lemma holds for 
primary ideals. Then m J~ C mQ^ fl • • • fl mQ^ C Qi n • • • fl Qt = J. 

Let Li and Vi be as in the description given in Theorem [331 For each i, let ti be 
a generator of the maximal ideal of Vi. We have Speci? = {pi, . . . ,p„,m}, where 
pi is the kernel of the map R Vi. 

If J is pi-primary for some i, it follows from the minimality of pi and the fact 
that R is reduced that J = pi. Then mJ^ = mp,^ = mpi C pj = J. 

Thus, we may assume J is m-primary. Then for each i, there is some integer 
1 < Ci < oo such that JVi = t ^ ' Vi . Hence, 

i=l 

Pick any i between 1 and n. Then from the structure of R, it follows that there 
is some element of the form c := ut^' -f- X^j^^i ^i^/ ^ '^^i^'^^ w is a unit of 
V, the Vj S V, and the fj > Cj. Then for a typical element vt^'^^ e t^'^^Vi 
(where v G Vi), we have u~^vti G R, so that vt^'^^ — (nr^vti)ci G J. Hence, 

mj- -©r=iC^v, c J. □ 

Next, we have the following theorem, which follows from Theorem 15.61 when R 
is a finitely generated C-algebra, but in fact holds in a more general setting as we 
see below. 

Theorem 5.8. Let R he an excellent Noetherian ring, and L an ideal. Then />i C 

Proof. Since the persistence property holds for both inner integral closure and axes 
closure, we may assume that (R, m, k) is a complete local 1-dimensional seminormal 
ring, in which case what we want to show is that />i C J. Pick Noetherian valuation 
rings {Vi, {ti),Li), 1 < i < ri, as in Theorem l3.3l If / = i? there is nothing to prove, 
so we may assume / C m = 0"=! tiVi. For each i, either LV = or LVi = t^^V for 
some 1 < Ci < oo. If we use the convention t°° = 0, then we have — 0"^^ ^V^i' 
where 1 < < oo for each i. 
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By part (5) of Theorem [531 we have />i C ^^j^f^'+^V, = ml-. But by 
Lemma ISTtI we have ml^ C /, which completes the proof. □ 

We next observe that />i = (I^)^^, and so the operation that sends / to / + />i 
is a closure operation in the sense of Definition 11.11 

Definition 5.9. For an ideal /, we let l'^ := I + />i, the natural closure of /. If 
I ^ we say that / is naturally closed. Evidently, if / C /i C /~ and I = l\ then 

By a valuation of R we simply mean a map R ^ V where i? is a discrete valuation 
ring. It may have a kernel, even if i? is a domain. If IV ^ has order fc > call 
the valuation ideal 21 arising from contraction of n'"'^^ the I-relevant valuation ideal 
oi R ^ V. If IV = 0, we call the contraction of 0, i.e., Ker(i? — > V), the I-relevant 
valuation ideal oi R V. 

If i? is a domain and / is a nonzero ideal of R, then for every nonzero element 
/ e / we may take the normalization S of the R[I/ f] and consider the discrete 
valuation rings arising as localizations of S* at a minimal prime of fS. There 
are only finitely many such valuation rings, and if R is excellent, they arc small. 
Following standard terminology, we refer to these rings as the Rees valuation rings 
of/. 

In the case where R is not a domain, we make the following conventions about the 
Rees valuations of /. For every minimal prime P oi R not containing /, we include 
the Rees valuations of I{R/P) among the Rees valuations for /. If P contains /, 
we shall think of the fraction field k(P) of R/P as a "degenerate" valuation ring, 
and we include the maps R k(P) as Rees valuations. The order of every element 
not in P is 0, while the elements of P may be viewed as having order +oo. 

Theorem 5.10. Let R be Noetherian and I and ideal of R. 

(a) There are finitely many valuations R — >■ (Vi,ni) such that />i is the inter- 
section of the I-relevant valuation ideals of these valuations. The Vi may 
be chosen to be the Rees valuations. 

(b) 1 = 1^ if and only if there are finitely many valuations R — >■ {Vi^ni) with 
I-relevant valuation ideals 21^ such that ("1^21^ C I . These valuations may be 
chosen to be the Rees valuations of I . 

Proof. For part (a), we know that r G />i if and only if that holds modulo each 
minimal prime of /. Thus, it suffices to show that there are valuation ideals as 
specified for every R/p and IR/p. We may thus reduce to the domain case. If 
/ C p we take the relevant valuation ideal to be 0. We may localize at any height 
one prime of the normalization of R/p and do this. Otherwise we use the valuation 
ideals coming from the rings i? [///]. 

The "only if" part of (b) is obvious. For the "if part, suppose that we have 
n,;2l,; C /. To show that I = l\ it suffices to show that />i CI. Let u ^ I. Then 
It G 2li for all I, and the result is obvious. □ 

Proposition 5.11. Let I be an ideal of R and W a multiplicative system in R. 
Then {Iwf^ {I^)w 



Proof. {IwY = Iw + {Iw)yi = Iw + {I>i)w, by Proposition \5.5i a.). but Iw + 
{I>i)w = {I + I>i)w = {I^)w- □ 
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Theorem 5.12. Let R ^ S be a flat homomorphism of excellent Noetherian rings 
whose fibers are geometrically regular. Let L be ideal of R. Then (LS)y^ ~ I>iS, 
and (IS)'^ = {I^)S. In particular, if {R, m, K) is local, this holds if S is R or 
S = R(t), the localization of the polynomial ring R[t] at mR[t]. 

Proof. The statement for natural cfosurc is immediate from the statement for inner 
integral closure. Evidently, lyiS C (IS)^-^. To see the opposite inclusion, it will 
suffice to show that for every /-relevant ideal *B for a Rees valuation of I{R/p), 
where p is a minimal prime of R, is an /-relevant ideal for IS of a valuation on 
S. For />i is the intersecton of the ideals *B, and the intersection of the ideals 
will be (/>i)S', and will also contain (/S*)^^. 

To prove this, we may replace R ^ S by R/p — 5- S/pS, which is still flat 
with geometrically regular fibers. Thus, wc may assume that /? is a domain. Let 
(y, n) be a Rees valuation of /. Then V is essentially of finite type over R, since 
R is excellent, and so T = S V is essentially of finite type over S, and is 
Noetherian and flat over V with geometrically regular fibers. It follows that T/nT 
is reduced. Let Qi, . . . , Qg be the minimal primes of nT. Then every Tq. is a 
valuation ring, and QiTq. ~ ^Tq.. Let h be the order of IV, so that IV — n'*. 
Then (/5)Tq, = {IV)Tq^ = n'^Tg, = Q'^Tq^, for each i = l,...,s. Hence, the 
contraction 21^ of Q^^^ to S is an /S'-rclevant ideal for the valuation ring Tq.. 
Consequently, (IS)^^ C 

We next show that fl^Sl^ = SS". Since n'^+i maps into Q'I^^Tq^, D is clear. 
We need to show that Hi ^ ^S. First observe that since (/?/*B) ^ V/n''+^ is 
injcctivc and 5* is R-Hai, wc may apply S <Sir _ to obtain that 

S/'BS ^ (y/n'^+i) (E}RS9i T/n''+^T 

is injective. Thus, n'*+^T lies over ^S. Since y is a discrete valuation ring and 
V ^ T is flat with regular fibers, T is regular. (In fact, we only need that T is 
normal.) Moreover, n is principal and so n'^+^T is a principal ideal generated by a 
non-zerodivisor. It follows that its primary decomposition is simply Hi^i Qi^~^^\ 
since QiTq. ~ ^Tq.. Hence, 235, which is the contraction of n'^+^T, is also the 
contraction of Hi^i Qi'*^^''- This is the same as the intersection of the contractions 
of the ideals q['^^^\ But Qf'^^"* is simply the contraction of Q'I^^Tq. to T, and it 
follows that the contraction of Qf^'^^^ is 21^. Thus, Hi^i ^li = ^S, as claimed. 

Finally, since (IS).^^ C 21^ for every i, we have that {IS)^^ C S5 for each of 
the S. Since there are only finitely many *B, finite intersection commutes with flat 
base change, and the intersection of the *B is />i. we then have {IS)^.^ C lyiS, 
proving the other needed inclusion. □ □ 

It follows from the proof that the hypothesis that the fibers be geometrically 
regular may be weakened: it suffices if the fibers are geometrically reduced and 
whenever R ^ V is a map to a discrete valuation ring, V <Eir S is normal. 

In the case of a finitely presented smooth /?-algebra S, we do not need any 
hypothesis of excellence on S. 

Proposition 5.13. Let R be a ring and let S be a finitely presented R-algebra that 
is smooth over R. Then for every ideal I of R, (/S')>i = />i>5' and (/>S')'' = I^S. 

Proof. The second conclusion follows from the first, and, for the first, it suffices 
to prove that (/5')>i C />iS'. First note that there is a subring Rq of R finitely 
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generated over the prime ring A in R and a finitely presented smooth i?o-algebra 5*0 
such that S = RCSiRg So, and that S is the union of the rings 5*1 = Ri (SJaq 5*0 as Ri 
runs tlirough all subrings of R finitely generated over Rq: these in turn are finitely 
generated over A and, therefore, excellent. If / G {IS)yi then we can choose such 
an i?i so that / G (/iS'i)>i, where Ii is an ideal of Ri generated by elements in 
/. But then Ri and Si satisfy the hypotheses of Theorem 15.121 and so we can 
conclude that / G (/i)>i5'i C lyiS, as required. □ 

Proposition 5.14. Let R be a ll^ -graded ring, h > 0, and let I be a homogeneous 
ideal with respect to this grading. Then />i and l"^ are also homogeneous with 
respect to this grading. 

Proof. It suffices to prove this for J>i. Although >i is not a closure operation. 
Discussion 12.91 applies: it is defined ring-theoretically, and will be stable under 
the automorphisms 9 a. The only issue in the proof is that R may not have suffi- 
ciently many units. However, the rings Sn introduced in Discussion 12.91 arc finitely 
presented, smooth, and faithfully flat over i?, and the result now follows from Dis- 
cussion [2111 Proposition 15.131 and the fact that since S'jv is faithfully flat over i?, 

/>iS'ni? = />!. □ 

6. The ideal generated by the partial derivatives 

Theorem 6.1. Let S be a localization of R ~ C[a;i, . . . , a;„] at one element. Let 
f £ R, and let J — {df /dxi, . . . , df/dxn). 

(a) For any nonconstant / G i? and integer N there exists g £ S such that 
(1 — gf)f is in the inner integral closure of J and, hence, the continuous 
closure. 

(b) U f ^ Rad(i7S') then f is in the inner integral closure of J S and hence in 
the continuous closure of J S . 

Proof. We first prove (b) . Consider a valuation S centered on a maximal ideal 
M. that contains J . Then we have Sm ~^ V, and / is also in A4. We may assume 
that M corresponds to the origin, and so we have 9 : Cfxi, . . . , a;„] Lft] for some 
field L with C C L. Then 9{f) is in the maximal ideal of LftJ and is nonzero. By 
the chain rule, its derivative is in J'Lp]. The derivative has order exactly one less 
than that if 9{f). This shows that the order of / is strictly larger than the order 
of J. 

To prove (a), let *8 = Rad(j7') : /. Then no maximal ideal can contain *8 -|- fR: 
when we localize at such a maximal ideal, the chain rule shows that for all valuations 
centered on it, the order of / is larger than the order of J, and so / G C 
Rad(J'), which contradicts the fact that the maximal ideal contains Rad(j7) : /. 
Thus, we can choose /i G such that that h + fg = 1, and so 1 — G S, and 
/(I — fg) G Rad(J'). We can apply part (b) to the ring Rh where ft, = 1 — fg. 
Hence, h has a power, also of the form 1 — fg, which multiplies / into the inner 
integral closure of J'. □ 

7. Naturally closed primary ideals are axes closed 

In this section we prove that if / is a primary ideal of an excellent Noetherian 
ring, then / = I^^ iff / = /''. This shows that for ideals primary to maximal ideals, 
natural closure and axes closure agree. Moreover, in the case of an affine C-algebra, 
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since C J'^°'^*- c I^^^ we have the corresponding rcsuh for continuous closure as 
weU. It then follows that for an unmixed ideal / of an affine C-algebras, / = /'^o"* 
if and only if J = I'^^. 

We first extend the /-relevant terminology from Definition 15.91 as follows. 

Definition 7.1. Let Z? be a Dcdekind domain with a nonzero principal ideal tD 
where t is prime. Given a map R ^ D wc say that 21 is the /-relevant associated 
with {D, tD) if either ID ^ and 2t = Kcr(/? D) or ID = t^D and 2t is the 
contraction of t'^^^D. 

This is the same as saying that 21 is the /-relevant ideal of /? -> Dq, where 

Q = tD. 

We need the following result, which is contained in [EH79[ Corollary 1, p. 158]. 

Theorem 7.2. Let R be a regular Noetherian ring, let P be a prime ideal of R, 
and let A4 by a family of maximal ideals of R containing P whose intersection is 
P , and such that for all m G Ai, Rm/ PRm is regular. Let n be a positive integer. 
Then HmeA^ '^'^ ^ P^"'\ the n th symbolic power of P. 

Corollary 7.3. Let R, P and A4 be as in Theorem \7.2\ Moreover, suppose that 
the prime ideal P is prinicipal with generator tt. Let ni, . . . , n^. be finitely positive 
integers. Then the set of maximal ideals m in A4 such that tt"* e m"' — tn"i+i also 
has intersection P. In particular, this set is non-empty. 

Proof. By a straightforward induction on fc, we reduce to the case where k = 1. We 
write n for ni. Let f ^ R — P. It suffices to show that there exists m € M. such that 
/ ^ m and tt" ^ ra""*"^. Let g E R — P. Then there is an clement of Ai that does 
not contain g. It follows that the intersection of the set Af of maximal ideals in A4 
that do not contain / is also P. By Thcorem[L2l flmsA/-"^""^^ = p("+i) = tt"-+^R. 
Therefore, wc can choose m G Af such that tt" ^ m"^^. □ 

Key Lemma 7.4. Let (/?, m, K) be an excellent local domain of dimension d > 2 
with infinite residue class field and let I be an m-primary ideal. Let f be a nonzero 
element of I . Let S be the normalization of R[I/f], and let R ^ V = Sp be a Rees 
valuation of I, where P is a minimal prime of fS. Letn denote the maximal ideal of 
V . Let IV have order h — 1 > I, and let *B be the contraction of the proper nonzero 
ideal n'' of V to R. Let gi, . . . ,gh € R — {0}, and let rij = ordy(c/i). Then there 
exists an algebra T finitely generated over S by adjunction of fractions, a prime 
ideal Q of T of height d — 1 such that T/Q is a Dedekind domain, and a principal 
height one prime ttT/Q ofT/Q such that IT/Q = tt^-'^T/Q, ^T/Q = tt^{T/Q), 
and the image of gi in T/Q is a unit times tt". In particular, by including a given 
nonzero element r of R among the gi, we may choose Q so that r has nonzero image 
in T/Q. 

Proof. By the dimension formula, S/P is an affine /sT- algebra of dimension d — 1. 
Since Sp is regular, we can localizate at one fraction of 5* — P to produce 5*1 that 
is regular, and we can localize at one element of — P to produce a localization 
S2 such that S2/PS2 is regular as well. We may also localize so that P = j/S'2 is 
principal. We replace S by 5*2 and drop the subscript. By CoroUarv 17.31 wc can 
choose a maximal ideal m of 5*2 containing P so that the orders of a finite set of 
generators of /, and of as well as of g are all the same with respect to the 
TO-adic valuation on Sm as they are in V. We may extend y to a set of elements 
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yi = y, 2/2, ■ • ■ , J/d in m that generate mSm- We may localize at one element of 
S' — m and then assume that these elements generate m. Consider the leading forms 
of Qi and the various generators of / and *8 in gr„j S. After a linear change of 
generators over K (which is infinite) that fixes y and replaces each yi for i > 1 by 
Hi + Ciyi, we may assume that all of these leading forms have a term that is a scalar 
times a power of y: the exponent on y is the order. The ideal Sm/ (2/2, ■ • ■ , yd)Sm is 
a regular domain in which the image of y generates a prime ideal. This will remain 
true after we localize at one element of 5 — m. This localization is T, and we may 
take Q = (2/2, . . . , yd)T. □ 

Corollary 7.5. Let R be an excellent ring, and let I be an m-primary ideal of 
R, where m is maximal and R/m is infinite. R ^ V be a Rees valuation with 
I-relevant ideal 21. Let r be a non-zerodivisor in R. Then there exist finitely many 
surjections R ^ Di such that Di is a one- dimensional Dedekind domain that is 
finitely generated over the residue class field K = R/m and nonzero primes tiDi 
such that 21 is the intersection of the I-relevant ideals *8i of these maps. Moreover, 
the surjections may be chosen in such a way that the image of r in every Di is 
nonzero. 

Proof. If the Rees valuation has kernel p we may work with R/p, IR/p and 2l/p. 
The image of r in R/p is not 0. Thus, we may assume that i? is a domain, and that 
r is a nonzero clement of R. Consider all finite intersections of ideals *B containing 
21 of the type described (including the condition that the image of r be nonzero in 
every Di). Since i?/2t has DCC, one of these is minimum. If it is not 21, choose g 
in it that is not in 2t. By the Key Lemma, we can construct *B so that the image 
of r in the corresponding Dedekind domain is not and so that it contains 21 but 
not (/, a contradiction. □ 

Corollary 7.6. Let I be an m-primary naturally closed ideal of an excellent ring 
R, where m is maximal and R/m is infinite. Let r G R be a non-zerodivisor. Then 
there is a radical ideal J ^ I such that R/ J has pure dimension one, the image of 
r is not a zerodivisor in R/ J , and I{R/J) = I/J is naturally closed. Moreover, 
I / J is primary to m/ J in R/ J . 

Proof. Pick 2li that are /-relevant from Rees valuation rings and whose intersection 
is contained in /. For each 21^ pick 03^ as in Corollary 17.51 whose intersection is 
within 2li, and let be the kernel of the map onto a Dedekind domain of dimension 
one that is used in construction 53^. This may be done so that r is not in any of 
qj. Take J = Hij-qij. Then R/ J has the required property. □ 

Lemma 7.7. Let R be a one- dimensional excellent Noetherian reduced ring, and let 
S be the seminormalization of R. Let I be an ideal of R whose minimal primes are 
all height one maximal ideals and such that I is naturally closed. Then ISnR = /. 

Proof. Suppose that / £ {I SDR) — I. By replacing / by a multiple we may assume 
that / -R Rf is a maximal ideal tn of R. If we replace R by i?m and S by Sm we still 
have that / ^ /i?m, while natural closure commutes with localization. It follows 
that we may assume that (i?, m, K) is local of dimension one. Consider the local 
extension rings i?i of R with R C_ Ri C_ S and choose Ri maximal in this family 
such that / is not in the natural closure if IRi , which will still be primary to the 
maximal ideal of Ri. Thus, we may replace i? by _Ri, and / by the natural closure 
of IRi, and we still have a counterexample. If i?i = 5* we are done. Hence, there 



28 



NEIL EPSTEIN AND MELVIN HOCHSTER 



is some element u e S — R such that it^, G R. Note that R[u] = R + Ru. By 
replacing u by a multiple we may assume that the annihilator of the image of u in 
(i? + Ru)/ R. is a prime ideal of R. Since u is in the total quotient ring of R, it is 
multiplied into i? by a non-zerodivisor, and it follows that we may assume that the 
annihilator is a height one maximal ideal, which must be m. Since ~ {u'^)u G R., 
we must have v?' G m, and it follows likewise that G m. 

Hence, R[u] — R+Ru is local with maximal ideal m+Ru. Let J = = I+Iu. 

We shall show that lu C I^i C /, since 1 = 1^ First note that since G m, some 
power of u is in /, say m'^ G /. Then (/u)'^ = I^u^ C j'^+i, as required. Since 
every element of lu is in i?, this shows that lu C Hence, J = /. Now suppose 
/ G J + J>i, where the calculation of J>i is in R[u\. Then f = v -\- w where 
V e J = I. Then f -V e I>iR[u] n R. By (|53b ). f - v e I>i, and so / G a 
contradiction. □ 

Theorem 7.8. Let R be an excellent Noetherian ring. Let I be an ideal primary to 
a prime ideal P such that I is naturally closed. Then I is axes closed. Moreover, 
if r Cz R is not a zerodivisor, and f ^ /^^, then there is a map R ^ A, where A is 
a one- dimensional excellent seminormal ring, which may further be assumed to be 
complete local, such that g ^ LA and the image of r is a non-zerodivisor in A. 

Proof. Let / G L'''' - iK Since natural closure commutes with localization by 
Proposition 15 . Ill we may replace R by Rp: f is not in LRp since / is primary to 
P. By the persistence of axes closure, / G (LS)'^^. We have therefore constructed 
a new counterexample in which P is maximal. We revert to our original notation 
and call the ring R, but we assume that P = m is a maximal ideal. Second, we 
may replace R by R{t), by Theorem 15. 121 Hence, we may assume without loss of 
generality that the residue field K is infinite. The element r is still a non-zerodivisor. 

By CoroUarv 17.61 we can preserve the fact that / is in the axes closure but not 
the natural closure of / while passing to a reduced local ring of pure dimension one 
that is a homomorphic image of i?, and such that the image of r is not a zerodivisor 
in this ring. Thus, we need only consider the issue in dimension one. Let S be the 
scminormalization of R. Then LS H i? = / by Lemma 17.71 and so / ^ LS, which 
shows that / ^ L^^ by Definition 14.31 Note also that r remains a non-zerodivisor 
in S. Finally, we may replace S" by a suitable completed localization. □ 

We also note: 

Theorem 7.9. Let R be an excellent Noetherian ring. Then the following condi- 
tions on an ideal L are equivalent: 

(1) L is axes closed. 

(2) L is an intersection of primary naturally closed ideals. 

Proof. By Proposition 14.111 we already know that / is axes closed if and only if 
it is an intersection of primary axes closed ideals, and for primary ideals, being 
naturally closed coincides with being axes closed by Theorem 17.81 □ 

Discussion 7.10. Although wc have not been able to determine whether axes 
closure commutes with localization, we can show that it commutes with smooth 
base change in certain cases. Before stating our results, we recall the notion of 
intersecton flatness from |HH94a| , where it is introduced just before the statement 
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of (7.18). An i?- module S (typically, S will be an i?-algebra here) is intersection- 
flat or D-flat if S is flat and for every finitely generated i?-module M and every 
collection of submodulcs {Mx}x^\ of M, the obvious injection 

S^R {(^AW^f^iS^RMx). 

A A 

is an isomorphism. The fl-flat modules include R and are closed under arbitrary 
direct sum and passing to direct summands and therefore include the projective 
i?-modules. In |HH94a| it is observed that if R is complete local and R ^ S is flat 
local then S is fl-flat over R, using Chevalley's theorem, and that where R 

is Noetherian and x denotes a finite string of variables, is fl-flat over R. 

If S is an fl-flat i?-algebra that is faithfully flat, where R is Noetherian, and 
is a multiplicative system consisting of elements of 5" that are nonzerodivisors 
on S/PS for every prime ideal P of R (which implies that no element of W is in 
mS for m maximal in i?), then by Lemma (5.10) of jAHH93] . W~^S is fl-flat. In 
particular, the localization of a polynomial ring over i? at a multiplicative system 
of polynomials each of which has the property that its coefficients generate the unit 
ideal is fl-flat over R. 

Theorem 7.11. Let R ^ S be a flat homomorphism of excellent Noetherian rings 
with geometrically regular fibers. 

(a) If I is an unmixed ideal of R that is axes closed, then IS is axes closed. 

(b) If, moreover, S is H-flat, then for every I of R, (IS)^^ = I^^S. In particu- 
lar, this holds when S is a localization of a polynomial ring in finitely many 
variables over an excellent ring R at a multiplicative system consisting of 
polynomials each which has the property that its coefficients generate the 
unit ideal in R. 

Proof. For part (a), note that the primary components of / are axes closed, and 
since finite intersection commutes with flat base change it will suffice to prove 
the result when / is primary, say to P. Then IS is naturally closed in S by 
Theorem 15.121 If IS is unmixed, its primary components will also be naturally 
closed and so axes closed, and it will follow that IS is axes closed. But R/I has a 
finite filtration by torsion- free modules. It follows that the associated primes 
of S/IS are the same as those of S/PS. Since R/P is a domain and R/P — !> S/PS 
is flat with geometrically regular flbers, S/PS is reduced. 

For part (b), note that by Theorems 17.91 and 17.81 I^^ is an intersection of axes 
closed primary ideals J\. Then I^^S ~ f]^J\S, and so it suffices to show that 
every J\S is axes closed, which follows from part (a). □ 

Theorem 7.12. Let R be an excellent Noetherian ring, let I be an ideal of R, 
and let r € R be a non-zerodivisor. In testing whether f G I'^^ in R, it suffices to 
consider maps h : R ^ A where A is one- dimensional, seminormal, and h{r) is 
not a zerodivisor in A. Moreover, A may be chosen to be complete local. 

Proof, li f ^ I^^, by Proposition 14. 11) we may choose a primary axes closed ideal 
J such that I Q J and f ^ J . The result then follows from Theorem 17.81 □ 

We do not know whether axes closure commutes with localization. This would 
be true if an axes closed ideal remained axes closed after localization. The following 
result sheds light on the problem. 
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Theorem 7.13. Let R be an excellent Noetherian ring, and let I be an axes closed 
ideal. The following conditions are equivalent: 

(1) I is a finite intersection of primary naturally closed ideals (and so has an 
irredundant primary decomposition in which the primary components are 
all naturally closed ideals). 

(2) I is a finite intersection of primary axes closed ideals (and so has an ir- 
redundant primary decomposition in which the primary components are all 
axes closed ideals). 

(3) For every associated prime ideal P of I, IRp is axes closed in Rp. 

(4) For every multiplicative system W in R, IW^^R is axes closed in W~^R. 

Proof. Note in (1) and (2) that if one can express / as a finite intersection of 
naturally closed or axes closed primary ideals, one may obtain an irredundant 
primary decomposition as usual by intersecting those primary to the same prime 
and omitting terms that are not needed. 

The first two conditions are equivalent, since a primary ideal is naturally closed 
if and only if it is axes closed in an excellent ring by Theorem 17.81 We have that 
(1) =^ (4), because primary naturally closed ideals remain primary naturally 
closed ideals or become the unit ideal when one localizes. Since (4) (3) is 

evident, it suffices to show that (3) =4> (2). Assume (3). We use induction on 
the number of associated primes of /. If there is only one associated prime, / is 
primary to it, and the result is clear. 

We next reduce to the local case. Let P be an associated prime of /. Then IRp 
is axes closed in Rp, by hypothesis, and if we can prove the result for Rp and IRp, 
we may write IRp as a finite intersection of axes closed primary ideals in Rp. The 
contractions of these ideals to R will be finitely many axes closed primary ideals. If 
we intersect all of these as P varies, we obtain /, for if / ^ / then / has a multiple 
not in I such that the annihilator of (/ + Rf)/I is an associated prime of /. Thus, 
//I ^ IRp, and so it fails to be in at least one of the primary components 2t of 
IRp, and / will not be in the contraction of 21 to R. 

Hence, it suffices to prove the result when R = {R, P) is local and P is an 
associated prime of /. Let J denote the ideal lJt^i(^ ■ ^^e saturation of / 
with respect to P. Then J is axes closed, by Proposition 14.101 If we localize at 
any prime of R other than P, I and J have the same expansion. Thus, / and J 
have the same associated primes, except that P is an associated prime of / and 
not J, and so J has fewer associated primes than /. Thus, J remains axes closed 
when we localize at any of its associated primes. By the induction hypothesis, J is 
a finite intersection of primary axes closed ideals. We know that J/ 1 is killed by 
a power of P, and so has finite length. Let S be the set of ideals contained in J 
that are finite intersections of primary axes closed ideals that contain /. Note that 
we have shown J G 5. iS is a directed family by 3, since it is closed under finite 
intersection. Since J/ 1 has finite length, we can choose Jo ^ S such that the length 
of Jq/I is minimum. We can complete the proof by showing that Jq — I. But if 
/ G Jo — /, by Proposition 14. 11 1 we can choose a primary axes closed ideal Q that 
contains / and not /. Then Q fl Jo G 5, and Q/I is strictly contained in Jq/I and, 
therefore, of smaller length, a contradiction. Thus, Jq = I, as required. □ 
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Corollary 7.14. For a primary ideal I in an affine C-algebra, I = I^^, I ~ /cont 
ana are equivalent. Moreover, in an affine <C-algebra, an unmixed ideal is 

continuously closed if and only if it is axes closed. 

Proof. We know that the continuous closure Hes between the natural closure and 
the axes closure. Hence, the first statement follows at once from Theorem l7.8l If / is 
unmixed and continuously closed, each primary component is a primary component 
for a minimal prime of /, and is continuously closed as well by Corollarv l2.3l Hence, 
each primary component is axes closed, and an intersection of axes closed ideals is 
axes closed. □ 

Corollary 7.15. Let I be an ideal of an excellent ring R such that R/I is zero- 
dimensional. Then the natural closure of I is the same as the axes closure of I . 
Moreover, if R is an affine C-algebra, the continuous closure of I is the same as 
well. 

Proof. All ideals containing / satisfy the same condition, and are therefore unmixed. 
Since an ideal containing / is naturally closed if and only if it is axes closed, these 
two closures agree. The final statement follows from the fact that in an affine 
C-algebra, C I™"* C 7'^''. □ 

Proposition 7.16. If R is a finitely generated C-algebra, ra is a maximal ideal 
and I is an m-primary ideal, then J'^™' is the contraction of (/i?m)'^°"* to R. This 
means that if f G R, then f G J'^™* if and only if f/1 G (//Zm)™"*, i.e., if and 
only if the germ of f at the origin is in the expansion of I to the ring of germs of 
continuous C-valued functions at the origin. 

Proof. It is clear that J ~ /cont jg contained in the contraction of (/i?m)'^°"' to R. 
To complete the argument, it will suffice to show that J, which is an m-primary 
continuously closed ideal, is contracted from the ring T of germs of continuous C- 
valued functions a.t x G X — Max Spec (i?) (with the Euclidean topology), where 
X corresponds to m. Because J = J™"*, we know that J — J^^ by Corollary 17.151 
just above. Let / G R — J. Then by part (7) of Theorem 14.11 we can choose 
9 : R (A, n) such that / ^ J A, where is a C-homomorphism, A is an analytic 
ring of axes over C, and 6'^^(n) = m. By Lemma 3.5 of |Bre06] . J A is contracted is 
contracted from T. Hence, / ^ JT. Thus, J is contracted from T, as required. □ 

Theorem 7.17. Let R be a reduced excellent ring. R is seminormal if and only if 
every principal ideal generated by a non-zerodivisor is axes closed. 

Proof. We first prove "if." Suppose that g is an element of the total quotient ring of 
R such that g^ , g^ G R. We must show that g E R. Since g is in the total quotient 
ring of i?, we can choose /, a non-zerodivisor in i?, such that gf G R. We claim that 
gf is in the axes closure of /. We use the test for being in the axes closure provided 
by Theorem 17. 121 Suppose that we have any ring map 6 : R ^ S such that S is an 
excellent seminormal one-dimensional ring and u := 0{f) is a non-zerodivisor. Let 
w := 9{fg). Consider the element v = w/u of the total quotient ring of S. We have 

u\,^ = {uvf = w^ = 9{fgf = 9{f')9{g') - u'9{g^). 

Since is a non-zerodivisor in the total quotient ring of S, it follows that 9{g'^) — 
v"^, and in particular that G S. Similar computations show that 9{g^) = w^, so 
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that € S a,s well. Since S is seminormal, it follows that v ^ S. So we have 



Then by choice of and Theorem [LH it follows that fg e ( fR)"'' = fR. That is, 
there is some r € R such that fg ~ fr. Since / is a non-zcrodivisor, it follows that 
g = r G R, so that R is seminormal. 

Now assume instead that R is excellent seminormal. We may assume that 
dimi? > 2, since otherwise every ideal of R is axes closed by Proposition |4?5] Sup- 
pose some element g € R is in the axes closure of fR, where / is a non-zerodivisor. 
Let S be the integral closure of R. Since 5 is a product of finitely many normal 
domains (the normalizations of the quotients of R by its various minimal primes), 
every principal ideal of S is integrally closed, hence axes closed, so g € fS. That 
is, g ~ hf for some h £ S. If we can show that h is in the seminormalization 
of R in 5, which is _R, then we are done. To this end we use the criterion from 
Proposition 13 . 1 f l ) . For the remainder of the proof we may change notations: we 
replace R hy Rp (where P is an arbitrary prime ideal of R), and so assume that 
{R, P, K) is local, and we replace 5' by S'p, which is the integral closure of Rp. 
Then S is semilocal, and we denote the maximal ideals of S by Qi, . . . , Qn- We 
want to show that /i is in i? + Qi n • ■ • H Q„. Let Ci denote the image of h in Li, 
1 < i < n, where i,; = S/Qi. Note that we may identify K with a subfield of Li for 
every i. Note that Li is a finite algebraic extension of K for every i. We shall show 
that all of the Ci arc in K, and that they arc all equal. If r G i? represents their 
common value, then h — r is in all of the Qi, which yields the desired conclusion. 

For each Qi, choose a prime ideal qi of 5* contained in Qi and maximal with 
respect to not containing /. Then Qi/qi is a minimal prime of f{S/qi), and so 
Qi/qi has height one. Let Pi = Qi Ci R. Then R/pi is a local domain and since 
R/Pi ^ S/qi is module-finite, we must have that dim.(R/pi) = 1, by the dimension 
formula |Mat86[ Theorem 15.6]. The image of / is a non-zerodivisor in both R/pi 
and {S/qi)Q-, and so is a non-zerodivisor in both of their completions. We have 
an induced map of the completions Ci — > D^, which are one-dimensional reduced 
complete local rings. Choose a minimal prime of Di. Its contraction to Ci will not 
contain the image of /, and so is also a minimal prime. We get an induced map 
of quotient domains C; ^ Di. In each, the image of / is nonzero. Let Vi be the 
normalization of Di; then 1^ is a complete local discrete valuation domain whose 
residue class field is an extension of Li and contains K. 

Let Wi denote the seminormalization of Ci. Since Vi is normal, the normalization 
of Ci may be constructed as a subring of Vi, and we may view Wi CVi. Then Wi is 
a one-dimensional seminormal ring, and we have a map R — » R/pi ^ Ci ^ Ci ^ 
Wi C Vi. Let Wi denote the subring of Vi consisting of all elements with image in 
K modulo the maximal ideal of Vi. Then Ci C Wi, and whenever a € Vi is such 
that a'^, GWi, one has that a G W^ as well. Thus, Wi C W^. 

We shall show Cj G K, using that the image of g is in fWi. We have a commu- 
tative diagram 



0{fg) =w = uveuS^ e{f)s. 



S 



> V 



R 



> W^ 
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where the vertical maps are inclusions. Then a{g) = I3{g) = (3{fh) = l3{f)(3{h) = 
a{f)/3{h). Since a{g) e a{f)Wi (which holds because g is in the axes closure of 
fR), and since a{f) is a non-zcrodivisor on 1^, it follows that /3{h) G Wi. This 
implies that /3{h) € Wi, and so its residue q is in K. 

Finally, suppose that we have Ci and Cj in K for i ^ j. We shall show Ci = Cj. 
Let Vi and Vj be as above. Each is a complete discrete valuation domain whose 
residue class field is an algebraic extension of Li and, hence, of K. Enlarge Vi to 
a complete discrete valuation domain Vi whose residue class field is the algebraic 
closure il of K. Thus, there is a JiT-isomorphism 9 between the residue class fields 
of Vi and Vj . Let F be the field in question. Let A = Vi XeVj be the puUback of 
the surjection Vi x Vj ^ F x F along the diagonal embedding F ^ F x F. By 
Theorem 13.31 A is an excellent local one-dimensional seminormal ring. We have 
maps iji : S —1' Vi C Vi and {rji , i]j ) therefore maps S ^ Vi xVj. It is clear that the 
image of R lies in A, since is a A'-isomorphism. Hence, we have a commutative 
diagram: 

S — ^ V, X Vj 

I 1 ■ 



where the vertical maps are inclusions. Once again, a{g) = /3{g) = I3{fh) = 
P[f)f3{h) = a{f)(3{h), and since a{g) S ce{f)A and a{f) is a non-zerodivisor on 
A (and hence also on Vi x Vj, which is the normalization of A), we must have 
/3{h) G A. This implies that the residues of h correspond under 6, and since these 
are in K and is a if-isomorphism, they must be equal. □ 

Corollary 7.18. Let R be a reduced affine C-algebra, and let f be a non-zerodivisor 
of R. Then (/i?)™"' = (fRT'' ^ fS D R, where S is the seminormalization of R. 
In particular, if S is seminormal and f is a non-zerodivisor, fS is both continuously 
closed and axes closed. 

Proof. By Theorem 1 7. 17[ fS is axes closed and, consequently, continuously closed 
as well. Hence, (/i?)^^ C (/5)^'^ HR^ fSnR. By Proposition El (/i?)'=™* = 
(/5')™'^'ni?, and since fS is axes closed, (/S*)™"* = fS, so that (/i?)™"* = fSnR. 
This shows that (fR)'^^ C (/i?)'^°'^*, and since we always have the opposite inclusion, 
it follows that all three of (/i?)'=°"', ifRT"", and fSnR are equal. □ 

8. Multiplying by invertible ideals and rings of dimension 2 

In this section we prove that continuous closure and axes closure agree in locally 
factorial affine C-algebras of dimension 2. In particular, this holds for the polyno- 
mial ring in two variables over C. In fj^lwe give an example which shows that they 
do not agree in the polynomial ring in three variables over C. In order to prove the 
main result of this section, we need some preliminary results. 

Lemma 8.1. Let be a closure operation (see Definition \L1]) on R. Suppose 
that for any two ideals I, J or R, I'^ J"^ C [IJ]'^ . Suppose further that for any 
non-zerodivisor r € R and any ideal J such that J = J^, we have rj = [rj)"^. 
Let I be an ideal of R that is locally free of rank one. Then for every ideal J of R, 
liJ'^) = (IJ)"^ . In particular, if I is locally free of rank one, then 1 = 1"^. 
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Proof. Evidently, I{J*) C I*J# C (IJ)* , and so it suffices to show that (IJ)* C 
I{J'^). Since the latter contains /J, it suffices to show that the latter is closed. 
We may replace J by J"^, and so assume that J = J"^, and we want to prove that 
IJ is closed. Since / is projective of rank one, it is an invertible ideal, and we 
may choose an ideal /' such that /'/ = ri?, where r is a non-zerodivisor. Then 
r{IJ)* C {I'lJ)* = (rJ)* = r{J*) = {ri)J* = r{l{J*)). Muhiplylng by / 
then yields that r((/J)#) = r(^I{J'^)). Since r is a non-zerodivisor, it follows that 
[IJ)"^ ~ I{J'^). The final statement is the case where J = R. □ 

Theorem 8.2. Let X he a closed affine algebraic set over C, and let R = C[X]. 
Let I he an ideal that is locally free of rank one, and let J be any ideal. If R is 
seminormal, then {IJY°'^^ = /(J™"*). 

Proof. By Lemma lOl ProDOsition l2.41 and Corollarv l7.181 we may assume that / = 
rR, where r is a non-zerodivisor in R. Also by Proposition l2.4[ r(J'^°"*) C (r J)'^""*. 
Now suppose that u G (rJ)™"* C (ri?)"^""*. Since R is seminormal, we know from 
Theorem 17. 1 71 that rR is continuously closed, and so we may write u = rf for some 
f E R. Then rf ^ u ^ J27=i 9i'''fi (where /i, . . . , /« is a generating set for the 
ideal J) for some gi, . . . ,gn G C{X). Since r is not a zerodivisor in C[X], we have 
/ = Y.7=i 9i.fi as well. □ 

Theorem 8.3. Let R be a seminormal excellent Noetherian ring. Let I be an ideal 
of R that is locally free of rank one and let J be any ideal of R. Then (IJ)^^ — 

Proof. By Lemma 18.11 Lemma 14.71 and Theorem 17.171 we reduce at once to the 
case where / = rR is generated by a non-zerodivisor r. Since r(J^^) C [rJ)^^, 
it suffices to prove the other conclusion, which follows at once if r{J^^) is axes 
closed. Therefore, we may replace J by J^^, and it will suffice to show if J is 
axes closed, then rJ is axes closed. Since ri? is axes closed by Theorem 17.171 it 
suffices to show that if rf G (rJ)^^ then / G J^^. If we have a counterexample, by 
Theorem 17.121 there is a map h : R —> A, where A is a one-dimensional excellent 
seminormal ring, h{r) is a non-zerodivisor in A, and h{f) is not in h(J)A. Then 
h{rf) = h{r)h[f) ^ h{r)h[J)A = h{rJ)A, and so rf ^ (r J)^"", a contradiction. □ 

Discussion 8.4. Let i? be a locally factorial domain. When R is factorial, every 
nonzero ideal 21 is uniquely the product of a principal ideal (which may be R) and 
an ideal of height at least two (which may also be R: the height of the unit ideal is 
-|-oo). The principal ideal is generated by the greatest common divisor of any given 
set of generators of 21, which is unique up to a unit multiplier, and is the same as 
the greatest common divisor of all elements of 2t. When R is only locally factorial, 
we may say instead that every nonzero ideal 2t factors uniquely as the product of 
an ideal that is locally free of rank one and an ideal of height at least two. One 
can perform the factorization uniquely in every local ring of R, since the local rings 
are factorial. But one can actually carry this out on a cover by open affines: it is 
clear that the factorizations on two affines will be the same on the overlaps, since 
the factorization is unique in every local ring of R. To get the factorization on a 
neighborhood of a prime Q, consider the height one primes Pi, . . . ,Pk of i? that 
contain 21 and are contained in Q. Each Pi becomes principal when expanded to 
Rq. Localize R at one element / ^ Q so that each PiRf is principal, say TTiRf, 
and so that the only height one primes of Rf that contain 2li?/ are the PiRf. 
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Suppose that 2li?P; = nl'Rp.. Then 2ti?/ factors as rJ where r = tt"^ •••tt^'', 
since comparing primary decompositions shows that 21 C rRj. The factor J is not 
contained in any height one prime of i?/, and so this is the desired factorization. 

If, moreover, R has dimension at most two, then when we factor 21 in this way, 
the second factor J is cither the unit ideal or is contained only in maximal ideals 
of height two, and is unmixed in the sense of having no embedded primes. 

Theorem 8.5. Let R be a domain of dimension two that is a locally factorial affine 
C-algebra. Then axes closure and continuous closure agree for R. 

Proof. The result is immediate from the preceding discussion. Theorem 18.21 Theo- 
rem |531 and Corollarv l7.15l □ 



9. A NEGATIVE EXAMPLE AND A FIBER CRITERION FOR EXCLUSION FROM THE 

CONTINUOUS CLOSURE 

We begin with an inclusion lemma for axes closure. 

Lemma 9.1. Let R be an excellent Noetherian ring. Let L be an ideal and I~ the 
integral closure of I . Let P & Spec R and J := {P ■ I') Ci [I : P). Then J CI^''. 

Proof. Let f : R ^ {A, m) be a ring homomorphism, where A is a complete local 
one-dimensional seminormal ring. If f{P) ^ m, then JA C (/ : P)A = LA. Thus, 
we may assume that f{P) C m. In that case, the image of J is contained in m{LA)^ . 
But by Lemma ISTtI m{LA)^ C LA. Hence, J A C LA, as required. □ 

Example 9.2. In the polynomial ring <C[u,v,x], the element uvx is in the axes 
closure of / = {u^, u^, uvx^) but not the continuous closure. 

The first statement follows from Lemma l9.H applied to the ideal / and the prime 
ideal P = {u,v,x), since uv € L~ . 

Now suppose that uvx is in the continuous closure of /. say 

uvx = fu^ + gv^ + huvx^ , 

where f,g,h are continuous functions of u,v,x in that order. Let a = ft.(0,0, 0). 
Choose a constant c such that c/i(0, 0, c) ^ 1: this is possible since zh{0, 0, z) —> 
• a = as z — > 0. Substitute a; = c in the displayed equation. Then 

CUV = /oit^ + gnv^ + hoc^uv, 

where the subscript indicates the function of u, v obtained by substituting a; = c in 
/, g, h respectively. The new equation involves only u, v. The function c — /iqc^ has 
value c(l — ch{0, 0, c)) ^ at the origin in the u, w-plane, and so has a continuous 
inverse s on a neighborhood U of the origin. Then 

uv = Fu'^ + Gw^ 

where the coefficients F :~ sfo and G :— sgo are continuous functions defined on 
U. But this yields a contradiction. To sec this, let A -.^ {{u,v) \ u ^ v} DU and 
B := {(m, v) \ u = -v} n U. On the set A \ 0, we have + G = 1, so that by 
continuity, F(0,0) + G(0,0) = 1. But on B \ 0, we have + G = -1, so that 
F(0,0) + G(0,0) = —1 (again by continuity), whence 1 = —1, an absurdity. 



36 NEIL EPSTEIN AND MELVIN HOCHSTER 

Generalizing the counterexample. If i? = C[X] for an affine algebraic set X 

and X <E X, recall from Discussion l2.6l that we write for the set of elements of 

the local ring of C[X] at x that arc continuous linear combinations of elements 

of / on some Euclidean neighborhood of a; in X. This is the contraction to of 

the expansion of / to the ring of germs of continuous (in the Euclidean topology) 

functions on X at x. 

Suppose that S — > i? is a C-homomorphism of finitely generated C-algebras 

such that B,R are reduced. Let Y = MaxSpec(i3) and X = Max Spec(i?). Thus, 

— y 

we have a map tt : X Y. If y € Y, let R denote the coordinate ring of the 
reduced fiber over y, i.e., if is the maximal ideal of B corresponding to y, then 
R = {R/myR),ed- MaxSpec(i? ) may be identified with the fiber Xy — tt ^(y), 
and R^ with the ring of regular functions on Tr~^{y). We have a surjection R 'W 
for every y, which may be thought of as restriction of regular functions from X to 
Xy. If 5 S i?, we write for the image of g in R^ . 

Theorem 9.3 (fiber criterion for exclusion from continuous closure). Let B, R be 

as in the paragraph above, and let notation be as in that paragraph. Suppose that 
f,gER and I, J C_ R are ideals. Suppose that: 

(1) f i J'^™' in R. 

(2) {x ^ X : g^^"^^ ^ (/^R''''^'')™"'''^} dense in X in the Euclidean topology. 
Then gf i {I + gJY°"^ in R. 

Before giving the proof, we show how the example from the beginning of this 
section can be analyzed using this criterion. Let B = C[x] C C[a;,w, u] = R. Let 
f = X, g ^ uv, I = (u2,w2)i?, and J = x'^R. Note that / ^ J™"* in R. The 
fibers are simply the rings obtained by specializing a; to a complex constant, and 
all of them may be identified with C[u, w] C R. In this case, uv ^ (u^, w^)'^°"''^ 
in all fibers C[u,w] for all x. To see this, observe that (u^, v^) is primary to the 
maximal ideal {u,v) of C[u, v]. It is clear that uv ^ {u^, which is the same as 
(w^, u2)cont _ ^^2^ CoroUarv 17. 15[ and we may apply Proposition 17.161 to 

conclude that uv ^ (u^, t;2)cont,(o,o)^ Hence, xuv ^ (u^, v^, x^wt;)™"' in R. 

Proof of the fiber criterion. Let ui, . . . , generate / and vi, . . . ,Vk generate J. 
Suppose that 

h k 

1=1 3=1 

where the the a; and j3j are continuous. Then 7 = / — Sj=i l^j^j ^ continuous 
function on X that does not vanish identically, since / ^ J'^""*. Then U = 7^^(C — 
{0}) is a nonempty subset of X that is open in the Euclidean topology. Hence, it 

must meet {x e X : g^""^ ^ (/i?''^''V°"''^}. Thus, we may choose x G X such that 

7(a;) ^ (since x e U) and ^'^t^' ^ (/^''^''V™''"'- But then there is a Euclidean 
neighborhood of x on which 7 does not vanish, so that I/7 is a continuous function 
on this neighborhood, and, if y = t^{x), on the intersection of this neighborhood 
with Xy we have 

which shows that g G {IR^y°^*'^ , a contradiction. □ 
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10. Continuous closure is natural closure for monomial ideals in 

polynomial rings 

In this section, we use the fiber criterion to prove that for monomial ideals in 
polynomial rings over C, continuous closure always equals natural closure. 

Theorem 10.1. Let K he any field, and let R = K[Xi, . . . ,Xn\ be a polynomial 
ring over K . Let ^ be a monomial in R, and let % be a naturally closed monomial 
ideal of R that is maximal with respect to not containing fi. Then either 21 is 
primary or there is a partition of the variables which, after renumbering, we shall let 
be {Xi, . . . ,Xk} (where 1 < k < n) and {Xk+i, ■ ■ ■ ,Xn} such that /i factors as uO, 
where u is a monomial in L^[Xi, . . . , Xk] and 6 is a monomial in K[Xkj^i, . . . , Xn], 
and there are monomial ideals L C K[Xi, . . . , X^] and J C K[Xk+i, ■ ■ ■ , Xn] such 
that 

(1) I is primary to [Xi, . . . , X]^)K[Xi, . . . , Xk], it is naturally closed, and it 
is maximal among naturally closed monomial ideals of K[Xi, . . . ,Xk] not 
containing v. 

(2) J is a naturally closed ideal of K[Xk^i, . . . , Xn] and is maximal among 
monomial ideals not containing 6. 

(3) ^ = LR + vJR. 

Proof. If ^ = 1 we take k = n, and / = [xi, . . . , Xn)R, while h' =, 6 = I, and J = 0. 
Henceforth we assume ^ ^ 1. 

For each monomial a ~ x"^ • • ■ G LC[xi, . . . , a;„], let h{a) ~ (oi, . . . , a„) S 
N". Consider the convex hull C of points of N" corresponding to all monomials in 
21 together with h{fx). h[^) must be a boundary point of C, or else /i would be in 
the inner integral closure of 21. By a hypcrplane in we mean the translate of 
a vector subspace of dimension n — 1. Then there is a hyperplane through 
such that C lies entirely in one of the half-spaces determined by this hyperplane. 
There is a nonzero real linear form L and c e R such that this hyperplane is defined 
by the equation L = c. Let xi, . . . ,a;„ be real variables, and renumber the Xi so 
that Xi, . . . ,Xk are the real variables that have nonzero coefficients in L. Thus, we 
may assume that the equation of the hyperplane is mixi + • • • rukXk = c, where 
the irii G M — {0}. We may assume c ^ 0, since h{fi) is not 0. By multiplying 
by —1 if necessary, we may assume that c > 0. We may assume that all the 
coefficients rui are positive. (To see this, note that all points with sufficiently large 
coordinates represent elements in 21 and will lie on one side of this hyperplane. If 
m, is positive (respectively, negative), choose a large value TV G N for the Xj, j ^ i, 
and a number B > max(iV, {{J2j^i + for the value of Xi. The 

value of L = miXi + • ■ • + rukXk will be > c (respectively, < c). Thus, if there 
are coefficients with different signs, not all points with large coordinates are on the 
same side of the hyperplane.) Write fi = I'O, where ly involves xi, . . . ,Xk and 9 
involves the other variables. 

Let / be generated by all monomials A except j/ in xi, . . . , such that the value 
of L at h{X) is > c. Note that / is primary to {xi, . . . ,Xk): since each coefficient of 
L is positive, the functional will be > c on Nci, 1 < i < k, when N ^ 0. 

Moreover, IR + vR is the ideal of R generated by all monomials in R on which 
the value of L is > c. Clearly, 2t C LR + vR: given any monomial in 21, the value 
of L on the associated vector is > c, and this value depends only on that part 
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of the monomial involving xi, . . . ,Xk- the latter must be in (/, iy)K[xi, . . . ,Xk]- 
The monomials in 21 that are not in IR must be monomials of the form a/3 where 
a G K[xi, . . . , Xk] and 13 G K[xk+i, ■ ■ ■ , Xn]- Since they arc in 21, the value of the 
functional on h{a) must be > c which means that a & I unless a = v. Thus. fA C 
I+JvR^ where J C K[xk+i^ ■ • ■ , Xn] contains those monomials whose product with 

V is in /. 9 cannot be in the natural closure of J, or else fi = i^O will be in the natural 
closure of uJR which is contained in 21. Thus, we may enlarge J to a naturally 
closed ideal Ji of K[Xk+i, . . . , Xn] maximal with respect to not containing 9. 

Clearly, /i ^ IR + vJiR, and 21 C IR + vJiR. Hence, if we can show that IR + 
vJiR is naturally closed, it follows that J = Ji and that 21 = IR+i'JR. To see this, 
note that since / + iyK[Xi, . . . , Xk] contains precisely all monomials in Xi, . . . , Xk 
whose exponent vectors a satisfy L{a) > c, the monomials occurring are closed 
under convex linear combinations. Hence, / + i>K[Xi, . . . , Xk] is integrally closed. 
Since v satisfies L{h{v)) — v is not in the interior. Hence, / is naturally closed 
in K[Xi, . . . , Xk], and / + vK[xi, . . . , Xk] is integrally closed, and so is naturally 
closed as well. Both conditions are preserved when we expand to R. It follows that 
the natural closure of IR + JiR is contained in IR + vR. For any Xi, 1 < i < k, 
the value of L on Xifi is > c. Hence, all of the Xifi arc already in /. Thus, the 
natural closure of / + Jii/ has the form / + J2h', where Ji C J2. Now suppose 
that p G J2, and that vp is in the natural closure of (/ + Jiiy). Then for some 
integer h, {vp)^ G (/ + Jii^)''+^. Since these are monomial ideals, we must have 
integers a,b > with a + b ~ h + 1 such that v'^p'^ G I'^J^i'''. If b < h, we have 
^h-bph ^ /a jfc -yyj, j^g^y apply the algebra retraction of R to K[Xi, . . . , Xk] that 
sends H> 1 for i > k, and we then have G /" with h — b < a. This shows 
that v is in the natural closure of /, a contradiction. The only remaining case is 
where b = h + 1 and a = 0. Then v'^p'^ G J^'^^ v'^^^ . Here we may apply the 
algebra retraction of R to K[Xk+i, ■ ■ ■ , Xn] that sends 1— J- 1 for 1 < i < fc to 
conclude that p'^ G Ji~^^ , and then p is in the natural closure of Ji, which is Ji. 
Thus, J2 = Ji, as claimed. □ 

By a straightforward induction on n, we have 

Theorem 10.2. Let K be any field, and let K[Xi, . . . ,X„] be a polynomial ring. 
Let p be a monomial and 21 a naturally closed monomial ideal maximal with respect 
to not containing p. Then there is a partition of the variables into sets Si, . . . , St 
and for every j, 1 < j < t a monomial ideal It primary to the homogenous maximal 
ideal in Rj — K[Sj] such that 

(1) p factors pi ■ ■ ■ pt where pj G Sj, 

(2) Ij is naturally closed in Sj maximal with respect to not containing pj 

(3) 21 = /li? + pihR + P1P2I3R +--- + PI--- Pk-ihR- 

Theorem 10.3. A monomial ideal in a polynomial ring over the complex numbers 
C is continuously closed if and only if it is naturally closed. 

Proof. Fix a monomial p in the continuous closure of a naturally closed monomial 
ideal 21. We may enlarge 2t until it is maximal with respect to being naturally 
closed and not containing p, and so has the form of the preceding theorem. By 
relabeling we may assume that 5*1 consists of Xi , . . . , Xk , and we write T for the 
set consisting of the other variables. We may then write 21 = IR + vJR, I = Ii, 

V ~ pi, J is a naturally closed monomial ideal in the polynomial in C[r], and is 
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maximal with respect to not containing 9 ^ fi2 ■ ■ ■ fJ-k- By induction on the number 
of variables we may assume that J is continuously closed, and so we want to show 
that vO is not in the continuous closure of / + lyj. Let B = C[T] C R. We want to 
apply the fiber criterion (j9.3p . All of the fibers over points of B may be identified 
with C[Xi, . . . , Xk]- Then i/ is not in the natural closure of the {Xi, . . . , Xk)- 
primary ideal / in C[Xi, . . . ,Xk]. It follows from Proposition 17. 16l that v is not in 

jcont,(0,...,0) Q 



In deciding on a generalization of Brenner's notion of axes closure to arbitrary 
Noetherian rings, we had a choice between whether we would base it on seminormal 
rings or so-called weakly normal rings. 

Definition 11.1. jAB69| Let i? be a reduced Noetherian ring, and R' the integral 
closure of R in its fraction field. Then the weak normalization i?™" of R is the set 
of all elements x e R' that satisfy the following property for all p e Spec R: 

If R/p has prime characteristic p > 0, let 7r(p) := p; otherwise let 7r(p) :— 1. 
Then there is some positive integer n such that (a;/!)'^'-''-' £ Rp + Jac(i?p). 

We say that R is weakly normal if i? = i?™. 

It is clear that if R is weakly normal, it is also seminormal. Moreover, if R 
has equal characteristic 0, the weak normalization is of course the same as the 
seminormalization of i?, and in particular in the finitely generated C-algebra case, 
they agree. Therefore, with the following definition, one has that I'^^ = for 
any ideal / in a C-algebra. 

Definition 11.2. Let i? be a Noetherian ring, / an ideal of R, and / G R. We 

write / G if for every map from R to an excellent one-dimensional weakly 
normal ring 5, the image of / is in IS. 

It is quite straightforward to verify that / ^-^ /^-^ is a closure operation. 

Proposition 11.3. For every ideal I R, a Noetherian ring, 

Proof. This is clear, since normal =^ seminormal weakly normal. □ 

One has the following parallel to Proposition 13.11 Items (6) and (7) follow in 
this case for the same reasons their analogues did in the seminormal case: 

Proposition 11.4. Suppose R, S are reduced Noetherian rings. Let R' be the 
integral closure of R in its total quotient ring. 

(1) Suppose R is seminormal. Then R is weakly normal if and only if for any 
prime integer p and any x R' such that x^,px € R, we have x € R. 
[Ito83[ Proposition 1] 

(2) If g : R ^ S is faithfully flat and S is weakly normal, then R is weakly 
normal. [ManSOi Corollary II. 2] 

(3) If R is weakly normal and W is a multiplicative set, then W~^R is weakly 
normal. |Man80[ CoroUary IV. 2] 

(4-) Suppose the integral closure of R in its total quotient ring is module-finite 
over R. The following are equivalent: [Man80( Corollary IV. 4] 
(a) R is weakly normal. 

(h) Rm is weakly normal for all m G Max Spec -R. 
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(c) Rp is weakly normal for all p 6 Speci?. 

(d) Rp is weakly normal for all p G Speci? such that depth i?p = 1. 

(5) Suppose g : R ^ S is flat with geometrically reduced (e.g. normal) fibers 
and R' is module-finite over R. If R is weakly normal, then so is S. |Man801 
Proposition III. 3] In particular, if S is smooth over R, which includes the 
case where S is etale over R, and R is weakly normal, then S is weakly 
normal. 

(6) A directed union of weakly normal rings is weakly normal. 

(7) If R is local and weakly normal, then the Henselization of R and the strict 
Henselization of R are weakly normal. 

(8) Suppose R is excellent and local. R is weakly normal R is weakly 
normal. jManSOl Proposition III. 5] 

(9) Let X be an indeterminate over R. R is weakly normal <J=J> i?I^] is 
weakly normal. |Man80[ Proposition III. 7] 

For reasons parallel to observations in the case, it suffices to consider only 
maps to where S is local, or even complete local. Many properties which hold for 
I^^ have analogies in I^^. To see how this works, we offer the following analogue 
to Theorem 13.31 

Theorem 11.5. Let k he a field, let Li, . . . ,Ln be finite algebraic extension fields 
of k such that under the diagonal embedding fc — > Li x • ■ • x L„, the image of k is 
pth-root closed. Let {Vi,mi) be discrete valuation rings such that Vi/xrii = Li. Let 
S be the suhring of YYi=i consisting of all n-tuples (ui, . . . , u„) such that there 
exists a G k such that Vi = a (mod mi) for all i. Then S is weakly normal. 

Conversely, let (R, m, k) he a complete one- dimensional weakly normal Noether- 
ian local ring. Then there exist such extension fields Li and such D VRs Vi ( which 
moreover are complete) such that R is isomorphic to the ring S described above. 

Proof. If R is weakly normal, then it is seminormal, so it has the form given in 
Theorem 13.31 One must only check that k is pth-root closed in Li x • • • x L„. So 
let p be the characteristic of fc, which must therefore agree with the characteristics 
of all the Li. We may assume p > 0. Let c = (ci, . . . ,c„) S IlILi such that 
c^ € k. Let V = {vi, . . . ,Vn) G Yi^i such that Ci is the residue class of Vi mod m^, 
for each i. Then pv ~ pv = <E k, so that pv G R, and v'>^ ~ c^ € k, so that G R. 
Since R is weakly normal, it follows that u G i?. 

Conversely, suppose R is constructed in the way outlined in the statement of the 
theorem. Say p is the characteristic of k. Without loss of generality, p > 0. Let q 
be a prime integer and let v G 11"=! be such that v'' , qv € R. If 9 ^ p, then since 
g is a unit in all of the Li, it follows that it is invertible in ^i- So qv £ k implies 
that V € k, which then implies that v € R hy the description of R. On the other 
hand, ii v = (wi, . . . , w„) G is such that ,pv G R, then, in particular, iF G k, 
and since k is pth-root closed in H follows that v € k, so that v € R. □ 

It follows, for example, that a local or complete ring of axes over any field is 
weakly normal, since the diagonal embedding in question is the usual one, k — >■ 
fc X • • • X fc, in which it is clear that the image of k is pth-root closed. 

We also have the following parallel to Proposition [33] 

Proposition 11.6. Let L be an algebraically closed field, 
(a) A complete axes ring over L is weakly normal. 
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(b) Every complete local one- dimensional weakly normal ring of equal charac- 
teristic with algebraically closed residue class field L is isomorphic with a 
complete ring of axes over L. 

(c) Every affine ring of axes over L is weakly normal. 

(d) A one- dimensional affine L-algebra R is weakly normal if and only if there 
are finitely many etale L-algebra maps 9i : R Ai, where the Ai are affine 
rings of axes over L, and every maximal ideal of R lies under a maximal 
ideal of some Ai . 

Combining this with Proposition l3.4l it foUows that for complete one-dimensional 
rings with algebraically closed residue field, and for finitely generated one-dimensional 
algebras over an algebraically closed field, there is no difference between weak nor- 
mality and seminormality. 

Proof. For part (a), we use the characterization in Theorem 1 11.5[ noting that one 
obtains no extra pth roots from the diagonal embedding L ^ L x ■ ■ ■ x L. For part 
(b), any complete local one-dimensional weakly normal ring of equal characteristic 
with residue field L is in particular seminormal, so by Proposition I3.4r b). it is 
isomorphic to a complete ring of axes over L. Part (c) then follows immediately 
from part (a) and from parts 4b and 8 of Proposition II 1.41 

The proof of part (d) follows from the argument in the proof of Proposition l3.4r d) . 
using the corresponding parts of Proposition 111.41 in place of where we had previ- 
ously used Proposition l3.ll □ 

However, is really too big for our purposes here. Consider the following: 

Example 11.7. Let fc be a field of characteristic p > 0, let t, x be analytic in- 
detcrminates, and let R = k{t'P)\x^tx\. Then we claim that R is seminormal, but 
also that R' — i?™" = The statement about the weak normalization fol- 

lows from the fact that fP ,pt ~ € R. The resulting ring is obviously normal, 
so R' = i?™ = A;(t)|.T|. To see that R is seminormal, take any f G R' such 
that f^,f^ G R. Then if /o is the constant term of the power series /, we have 
/o>/o G A:(tP), whence /o = f^/f^ S k{tP). But R is exactly the set of all / G i?' 
whose constant term is in k^f). 

Now let m = {x,tx)R be the unique maximal ideal of R, and let / — xR. Note 
that / is m-primary. Then I^^ = xi?™ n R ^ {x, tx)R = m, but = /^'^ = / 
because i? is a one-dimensional complete seminormal ring. Hence, 

(1) and do not always agree, even for m-primary ideals in 1-dimensional 
complete local domains, and 

(2) and do not always agree, even for m-primary ideals in 1-dimensional 
complete local domains. 

Property (1) is perhaps not surprising, but property (2) means that the closure 
is too big to apply our methods mutatis mutandis: since one lacks the property 
that = for primary ideals, it is not clear how one would prove an analogue 
of Theorem 17.121 or of the crucial Theorem 17.171 in this new context (substituting 
AX jTQj, ax weakly normal for seminormal everywhere). Thus, this bigger axes 
closure does not appear to be as suitable for our main purpose here as the smaller 
one. However, we have provided some of the fundamentals in this section because 
it may be useful in other situations. 
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